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abstract
Neeman (2004) and Heifetz and Neeman (2006) have shown that, in auctions with incomplete
information about payoffs, full surplus extraction is only possible if agents’ beliefs about other agents are
fully informative about their own payoff parameters. They argue that the set of incomplete-information
models with common priors that satisfy this so-called BDP property (‘‘beliefs determine preferences’’)
is negligible. In contrast, we show that, in models with finite-dimensional abstract type spaces, the set
of belief functions with this property is topologically generic in the set of all belief functions. Our result
implies genericity of (non-common or common) priors with the BDP property.
© 2013 Elsevier B.V. All rights reserved.

1. Introduction
Neeman (2004) and Heifetz and Neeman (2006) have drawn
attention to the so-called BDP property and the role this property
plays in mechanism design models with correlated values. The
label ‘‘BDP’’ – beliefs determine preferences – refers to the fact
that, if this property holds and if one knows an agent’s beliefs,
then one also knows his preferences. They show that this property
underlies the findings of Crémer and McLean (1988) or McAfee
and Reny (1992) that correlations of agents types can be used
to eliminate information rents. In Crémer and McLean (1988) or
McAfee and Reny (1992), differences in an agent’s beliefs about
the other agents’ characteristics induce differences in attitudes
towards state-contingent payment schemes; such schemes are
then used to screen agents in order to extract rents. Such rent
extraction is necessarily incomplete if there are different states of
the world in which an agent has different payoff parameters and
the same beliefs.1
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Heifetz and Neeman (2006) suggest that the set of incompleteinformation models having the BDP property is a negligible subset
of the set of all incomplete-information models that are consistent
with common priors.2 Their suggestion is based on the view, that,
in a model with private values, the preferences of an agent can be
specified independently of his beliefs about other agents (Heifetz
and Neeman, 2006, p. 215).
We want to take issue with this view. Beliefs are the result of
agents’ forming expectations on the basis of whatever information
they have.3 This information includes their own preferences. The
view that preferences and beliefs can be specified independently
presumes that the information that an agent has about his
preferences is not relevant for forming expectations about other
agents’ characteristics. This would be the case, for example, if
the agent believed that his own payoff parameters and the other
agents’ characteristics were stochastically independent. If the
agent believed that his own payoff parameters and the other
agent’s characteristics were correlated, his information about his

when there are many agents and certain violations of BDP are uniform over agents
and states of the world, regardless of the number of participants. Gizatulina and
Hellwig (2010) show that such uniform violations of BDP are incompatible with the
notion that, in a large economy, individuals may be informationally small.
2 Formally, they study the status of BDP models within a fixed family of incompleteinformation models. Assuming that this family is what they call ‘‘closed under finite
unions’’, they show that, if the family contains at least one BDP model, then within
this family, failure of the BDP property is generic in a geometric and in a measure
theoretic sense. We discuss their results in Section 6.
3 For a forceful statement of this view, see Aumann (1987, 1998).
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own preferences would be relevant for his forming expectations
about the other agents. This might be the case, for example, if
the agent believes that other agents have observed an informative
signal about his own payoff parameters, and he expects this
signal to affect their beliefs. The value of the signal is part of the
other agents’ characteristics, and the agent’s expectations about
the other agents’ signal observations will be based on his own
observation of the payoff parameter itself.4
Once beliefs are treated as a result of agents’ forming expectations on the basis of the information they have, the notion that
the preferences of an agent can be specified independently of his
beliefs about other agents is problematic. From this perspective,
independence is the exception. Indeed, stochastic independence of
the agent’s payoff parameters with the other agents’ characteristics
would be incompatible with correlated values, the very specification that the literature on surplus extraction is concerned with.5
However, even when payoff parameters provide information
about other agents’ characteristics and agents condition their
beliefs on their payoff parameters as well as any other information
they may have, the BDP property, i.e., the ability to infer payoff
parameters from beliefs, cannot be taken for granted. If an agent
has many sources of information, it may be impossible to tell
which combination of information variables has given rise to a
given belief. Suppose, for example, that in an auction with two
participants, an agent observes not only the value he assigns to
the object at auction but also a signal of the value that other agent
assigns to the object. With correlated private values, a given belief
that the other agent assigns a high value to the object may then be
due to the fact that the agent’s own value is high or to the fact that
the agent has received an optimistic signal about the other agent.
In summary, if beliefs are obtained by conditioning on information and if this information includes the agent’s preferences, the
question is whether the map from information to beliefs is invertible. If it is, then the agent’s information, including his preferences,
can be inferred from his beliefs. If the map from information to beliefs is not invertible, this inference is not possible for every specification of beliefs that might occur. The confounding of influences
of different information variables on beliefs makes it impossible to
recover the value of any information variable from the beliefs.
Even if the agent observes only his payoff characteristics,
e.g. the value he assigns to the object that is auctioned off, correlations might be such that the map from information variables
to beliefs is not monotonic. In this case, too, a given belief about
the other agent’s valuation might be generated by different realizations of the agent’s own valuation.
In summary, the BDP property is a property of the mapping
from information variables to beliefs. If this mapping is invertible,
the BDP property holds. The question then is whether a lack
of invertibility of the map from information variables to beliefs
should be considered to be the rule or the exception.
Heifetz and Neeman (2006) do not actually study this question.
They impose a common-prior assumption and discuss the
genericity of the BDP property as a property of the common prior
without investigating the implications of the requirement that
beliefs must be given by conditional distributions.
This is where our paper steps in. We explicitly consider
the mappings from information variables to beliefs, modelled
as conditional distributions. Our main result shows that a
confounding of influences of different information variables is

4 This effect is central to the analysis of Gizatulina and Hellwig (2010).
5 In a common-prior framework, Börgers and Oh (2012) show that stochastic
independence of payoffs and beliefs actually implies that the payoff characteristics
of any one agent are stochastically independent of all other agents’ payoff
characteristics and beliefs.
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unlikely to occur if the set of objects about which the agent forms
his beliefs is sufficiently rich. In this case, the BDP property is the
rule, rather than the exception.
Throughout the paper, we consider an agent’s ‘‘type’’ as
reflecting not just his preference parameters but also additional
information variables that he may observe. We do not limit
ourselves to the ‘‘naive’’ type spaces considered by Crémer and
McLean (1988), where agents’ types are defined by their preference
parameters only and differences in preference parameters are the
only source of heterogeneity in beliefs. If type sets are finite, the
logic of Crémer and McLean (1988) still implies that, if all agents’
type sets have the same cardinality, the BDP property is generic.6
Our main results, however, concern models with a continuum
of types. We treat the type ti of agent i as a vector in Rni for some
natural number 
ni . The vector of all agents’ types is a vector in
N
RN where N =
i ni . Priors are probability distributions on R .
Belief functions (regular conditional distributions) are mappings
from agents’ own type spaces into the spaces of probability
distributions over the other agents’ type spaces. We restrict the
analysis to belief functions that are continuous and to priors
that admit continuous belief functions as regular conditional
distributions and that, moreover, have marginal distributions of
agents’ types which have full supports.
For any agent i, a belief function is given by a continuous
function from the space Rni of agent i’s types into the space
M (RN −ni ) of probability distributions over the space of the other
agents’ types. We endow the space of such functions with the
topology of uniform convergence. We also endow the space
of priors with the coarsest topology under which the maps
from priors to marginal distributions of agents’ types and to
continuous regular conditional probability distributions over the
other agents’ types are continuous.
With this specification of topologies, we show that, for any
agent i, the BDP property holds for a residual set of belief functions,
i.e. for a countable intersection of open and dense subsets of the
space of continuous functions from Rni to M (RN −ni ). We also show
that, for any agent i, the BDP property holds for a residual set of
priors, i.e., on a countable intersection of open and dense sets of
probability distributions on RN .
These results are based on an extension of the classical
Embedding Theorem for continuous functions.7 An embedding of
a metric space X in a metric space Y is a one-to-one bicontinuous
function from X into (a subset of) Y . The standard version of
the Embedding Theorem asserts that, for any natural numbers n
and m, if m ≥ 2n + 1, then the set of embeddings of a set X ⊂ Rn in
[0, 1]m contains a residual subset of the set of continuous functions
from X into [0, 1]m . We use this theorem to show that, for any
natural number n, the set of embeddings of a compact set X ⊂ Rni
into the space Y = M (Z ) of probability measures on a compact
subset Z ⊂ RN −ni that has infinitely many elements contains a
residual subset of the set of continuous functions from X into M (Z ).
The proof of this result is based on the observation that, no matter
what ni and N may be, the dimension of M (Z ) exceeds 2ni + 1.
Because embeddings are injective, the Embedding Theorem
immediately implies that the BDP property holds for a residual set
of belief functions, i.e. continuous regular conditional distributions
for any agent i. Under the given topology on the set of priors, it

6 This confirms a conjecture in Compte and Jehiel (2009, p. 188).
7 See Chapter V in Hurewicz and Wallman (1941). In economics, the literature
on generic existence of completely revealing rational expectations equilibria has
made extensive use of Embedding Theorems; see, in particular, Allen (1981). That
literature, however, relied on Whitney’s Embedding Theorem for C r functions
(Hirsch, 1994, p. 35). Lacking the requisite differentiability properties, we use the
Embedding Theorem for C 0 functions.
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follows that the set of priors giving rise to belief functions with the
BDP property must contain a residual subset of the set of all priors
that give rise to continuous regular conditional distributions. For
any agent i, the BDP property thus holds on a residual set of priors.
Because the set of priors that satisfy the BDP property for all
agents is given by the (finite) intersection of the sets of priors that
satisfy the BDP property for agent i, i = 1, . . . , I, the BDP property
also holds for all agents on a residual set of common priors. On the
set of common priors that have continuous density functions, the
topology that yields residualness of the BDP property turns out to
be the uniform topology for density functions.
The relation of our analysis to Heifetz and Neeman (2006) and
the subsequent literature is discussed in detail in Section 6 below.
There we show that the difference between our analysis and the
analysis of Heifetz and Neeman (2006) is due to their considering
genericity of the BDP property within a fixed family of models. If the
family in question is the family of all common-prior models in the
universal type space, this approach involves no loss of generality.
In finite-dimensional abstract type spaces, however, the analysis
of Heifetz and Neeman begs the question whether the families of
models within which their genericity results hold are themselves
robust. In a companion paper, Gizatulina and Hellwig (2012), we
show that this is not the case. Using the results of the present
paper, we show there that the set of families within which the BDP
property is robust is itself a residual set in the set of all families of
incomplete-information models.
In contrast to this paper, Barelli (2009) and Chen and Xiong
(2011) work with the universal type space. Barelli (2009) asserts
that non-BDP models are topologically generic. Chen and Xiong
(2011) point to a flaw in his analysis and show that the BDP
property holds on a residual set of models in the universal type
space if this space is endowed with the weak∗ topology. They use
the fact that, in the weak∗ topology on the priors of the universal
type space, priors over finite type sets are dense in the set of all
models and, by the logic of Crémer and McLean (1988), BDP priors
are dense in the set of finite priors. In subsequent work, Chen and
Xiong (2013) use the same logic to establish a genericity result for
full surplus extraction.
The universal type space approach diverts attention away from
the fact that the BDP property is a property of belief functions. In a
universal type space approach, belief functions are fixed and given
by the formalism. Each ‘‘type’’ is defined by a vector consisting
of the agent’s payoff parameters and the agent’s beliefs about the
other agents’ payoff parameters, the agent’s beliefs about the other
agents’ beliefs about other agents’ payoff parameters, etc. In this
setting, that function that assigns beliefs to ‘‘types’’ is simply the
projection from the type space to the space of belief hierarchies
or, if we think of the universal type space itself as an example of
an abstract type space, the function that assigns to each ‘‘universal
type’’ of an agent the unique measure on the space of the other
agents’ universal types that is compatible with the belief hierarchy
encoded in the universal type. In this setting, the notion that
an agent’s beliefs reflect the information contained in his ‘‘type’’
seems trivial because the beliefs themselves are a part of what
makes up his type. There is however a question as to whether
the information contained in the other components of an agent’s
type, in particular his payoff parameters, is properly reflected in
his beliefs.
Because belief functions are fixed and given by the formalism,
the universal type space approach is ill-suited to studying the
BDP property as a property of belief functions. It can however be
introduced as a property of a subset of the universal type space.
A subset of the universal type space has the BDP property for a
given agent if any two distinct types of the agent that belong to
the set involve different belief hierarchies; the set must not contain
be two types with the same belief hierarchies but different payoff
parameters.
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For arbitrarily chosen subsets of the universal type space, there
is no reason why such a property should hold. For belief-closed
subsets, however, such a property would be implied by suitable
restrictions on the agents’ interactive belief systems. For any beliefclosed subset of the universal type space, the BDP property holds
for agent i if this agent believes that the beliefs of all agents j ̸=
i about agent i′ s type are concentrated on a set for which the
BDP property holds. Genericity of the BDP property can then be
studied in terms of the genericity of belief-closed subsets with this
property in the space of all belief-closed subsets of the universal
type space. Barelli (2009) and Chen and Xiong (2011) actually
impose an even stronger consistency condition on interactive
belief systems and treat the BDP property as a property of common
priors.
As a property of an agent’s belief function, however, the BDP
property for can be studied without any additional presumptions
about the interactive belief systems, i.e. without any reference to
the beliefs of other agents, let alone the consistency conditions
inherent in working with a belief-closed set or with a common
prior. When different agent’s beliefs are derived from different
priors, it still makes sense to ask whether an agent’s belief
function exhibits the BDP property. For this question, however,
one needs a framework in which the function mapping an agent’s
information into his beliefs is not trivially given by having the
beliefs themselves encoded as part of his information. An abstract
type space approach offers such a framework.
In the following, Section 2 introduces the basic framework
of our analysis, including a definition of the BDP property for
belief functions. Section 3 discusses the BDP property for priors
and relates our approach to that of Heifetz and Neeman (2006).
Section 4 illustrates the role of information for belief formation
by means of several examples. Section 5 presents our genericity
results. In particular, Section 5.1 gives the result for finite type
spaces. Sections 5.2–5.4 give the results for continuous type
spaces: Section 5.2 deals with the BDP property for a single agent,
Section 5.3 with the BDP property for all agents in models with
common priors. Section 5.4 deals with the BDP property in models
with common priors that have continuous density functions.
Section 6 discusses the relation of our analysis to the literature.
2. The basic framework
An abstract (Harsanyi) type space formulation of an incompleteinformation model with I ≥ 2 agents involves a collection

T = {Ti , θ̂i , π̂i }Ii=1

(1)

such that, for any i, Ti is a set of abstract ‘‘types’’ for agent i, θ̂i is a
mapping from Ti into a set Θi of payoff parameter vectors for agent
i, and π̂i is a mapping from Ti into
 the set M (T−i ) of probability distributions on the space T−i := j̸=i Tj of the other agents’ abstract
types.8 For any ti ∈ Ti , θ̂i (ti ), the payoff type of agent i, indicates the
agent’s payoff parameters when his abstract type is ti ; π̂i (ti ), the
belief type of agent i, represents the agent’s probabilistic beliefs about the other agents’ types. Following Heifetz and Neeman
(2006), we assume that the spaces Ti and Θi are complete separable
metric spaces, and that the functions θ̂i : Ti → Θi and π̂i : Ti →
M (T−i ) are continuous, where M (T−i ) has the topology of weak
convergence of probability measures, i.e. the weak∗ topology.9

8 See, e.g., Bergemann and Morris (2005).
9 We use the word ‘‘model’’ in a wide sense, like Bergemann and Morris (2005)
or Heifetz and Neeman (2006). In contrast, Barelli (2009), as well as Chen and Xiong
(2011), Chen and Xiong (2013) use the word more specifically for a common prior
model with a minimal consistent belief subspace of the universal type space.

4

A. Gizatulina, M. Hellwig / Journal of Mathematical Economics (

Definition 2.1. An incomplete-information model T = {Ti , θ̂i ,
π̂i }Ii=1 exhibits the BDP property for agent i if for any ti and ti′ in Ti ,

π̂i (ti ) = π̂i (ti′ ) implies θ̂i (ti ) = θ̂i (ti′ ).

(2)

If there are no restrictions on the mappings θ̂i and π̂i , there is no
reason why an incomplete-information model should exhibit this
property. One expects the set of models exhibiting this property to
be in some sense negligible in the set of all incomplete-information
models.
This conclusion cannot be taken for granted, however, if the
belief mapping π̂i must satisfy

π̂i (ti ) = bi (ti , νi ),

–

As is standard for abstract type space formulations and is
proved in the Appendix to Heifetz and Neeman (2006), the
mapping π̂i (·) = bi (·, νi ) can be used to build an infinite hierarchy
of beliefs of i about the distribution of θ−i , the joint distribution of
θ−i and the other agents’ beliefs about preferences, etc. The abstract
type space can thus be mapped into the Θ -based universal type
space of Mertens and Zamir (1985). If there is a common prior,
i.e., if the priors νi are all the same, the universal type space image
of the abstract type space model must have the prior assign all
probability mass to a belief-closed subset of the universal type
space with the additional property that the belief of any type must
correspond to the value of a regular conditional distribution given
the information that this type has.

(3)

for all ti ∈ Ti , where νi ∈ M (Ti × T−i ) is a prior for agent
i and bi (t , νi ) is the value of a regular conditional distribution
for t−i given ti that is induced by νi , i.e. a function from Ti to
M (T−i ) such that for any bounded continuous function f : T−i →
R, T f (t−i )bi (dt−i |ti , νi ) is the conditional expectation of f (t−i )
−i

given ti . Heifetz and Neeman impose this restriction with the
additional requirement that νi be common to all agents.10 In this
paper, we shall consider both, the case of agent-specific priors νi ,
i = 1, . . . , I, and the case of a common prior ν such that νi = ν for
all i.
The information on which agent i conditions his beliefs includes
his payoff type θ̂i (ti ). To make this dependence explicit, we find it
convenient to write (3) in the form

π̂i (·) = b̂i (θ̂i (·), ŝi (·), νi ),

(4)

where, for any ti ∈ Ti , ŝi (ti ) is a vector of payoff-irrelevant
information variables that agent i observes in addition to his payoff
type θ̂i (ti ), and the mapping ŝi (·) takes values in some set Si .11 In
this formulation, the underlying type space Ti matters only to the
extent that ti affects the payoff type θ̂i (ti ) and the information
vector ŝi (ti ). Therefore there is no loss of generality in identifying
abstract types with pairs of payoff and signal vectors and writing
Ti = Θi × Si ,

(5)

with the understanding that, for any ti ∈ Ti ,
ti = (θi , si ) implies θ̂i (ti ) = θi

)

and ŝi (ti ) = si ,

(6)

i.e., the maps θ̂i (·) and ŝi (·) are the projections from Ti to Θi and Si .
The representation (1) of the incomplete-information model then
takes the form

Tˆ = {Ti , π̂i }Ii=1 = {Θi × Si , π̂i }Ii=1 ,

(7)

with the understanding that payoff and information mappings are
the projections and that belief mappings satisfy (4) for some prior
νi . In this formulation, the beliefs

π̂i (ti ) = b̂i (θ̂i (ti ), ŝi (ti ), νi ) = bi (ti , νi )

(8)

of agent i concern the pairs tj = (θ̂j (tj ), ŝj (tj )), j ̸= i, of the other
agents’ payoff and information vectors.12

10 Dekel et al. (2006) suggest that, in a non-common-prior environment, the
approach of Heifetz and Neeman would not even be well defined.
11 This is without loss of generality. Any model {T , θ , π }I
can trivially be
i

i

i i=1

rewritten in the form {T̂i , θ̂i , π̂i }Ii=1 where T̂i = Θi × Ti , θ̂i is the projection from
Θi × Ti to Θi , and, with ŝi given as the projection from Θi × Ti to Ti , π̂i satisfies
(4). In this formulation, the original type space Ti itself is interpreted as a space of
signals on which expectations are conditioned. For a discussion in the context of the
universal type space, see Section 6 below.
12 A formulation with conditioning on other information variables, in addition to
payoff parameters, was previously proposed by Compte and Jehiel (2009, p. 188).

3. The BDP property
In the preceding section, we have introduced the BDP property
as a property of the incomplete-information model T = {Ti , θ̂i ,
π̂i }Ii=1 , without any reference to the priors that give rise to the belief
functions π̂i , i = 1, . . . , I. In contrast, Heifetz and Neeman (2006)
study the BDP property as a property of agents’ priors. We shall
also consider the BDP property as a property of priors but base the
definition of this property on Definition 2.1.
I
In the following, we refer to a measure νi on the set T := j=1 Tj
as a prior for agent i in the incomplete-information model T =
{Ti , θ̂i , π̂i }Ii=1 if, under the measure νi , π̂i (·) is a regular conditional
distribution for t−i given ti , i.e., if π̂i (ti ) = bi (ti , νi ) for all ti ∈ Ti .
We refer to a measure ν as a common prior for the incompleteinformation model T = {Ti , θ̂i , π̂i }Ii=1 if it is a prior for every agent
in the incomplete-information model T = {Ti , θ̂i , π̂i }Ii=1 .

Definition 3.1. For any j, let νj be a measure on T that is a prior for
agent j in the incomplete-information model T = {Ti , θ̂i , π̂i }Ii=1 .
The prior νj has the BDP property for agent j if the incompleteinformation model T = {Ti , θ̂i , π̂i }Ii=1 has the BDP property for
agent j, i.e., if, for any tj = (θj , sj ) and tj′ = (θj′ , s′j ) in Tj = Θj × Sj ,

π̂j (tj ) = π̂j (tj′ ) implies θ̂j (tj ) = θ̂j (tj′ ).
Definition 3.2. A common prior ν for the incomplete-information
model T = {Ti , θ̂i , π̂i }Ii=1 has the BDP property if it has the BDP
property for each agent k = 1, . . . , n.
For Definitions 3.1 and 3.2 to be unambiguous, we need to
restrict the space of priors under consideration. The reason is that
any given prior can be compatible with multiple belief functions. If
π̂j (·) = bj (·|νj ) is a regular conditional distribution for t−j given tj
under the prior νj , then any function π̄j (·) such that π̄j (tj ) = π̂j (tj )
for νj -almost all tj ∈ Tj is also a regular conditional distribution for
t−j given tj under the prior νj . If the incomplete-information model

{Ti , θ̂i , π̂i }Ii=1 has the BDP property for agent j and the incompleteinformation model {Ti , θ̂i , π̄i }Ii=1 that is obtained from {Ti , θ̂i , π̂i }Ii=1
by replacing π̂j (·) with π̄j (·) does not have the BDP property,
Definition 3.1 would suggest that νj both has and fails to have the
BDP property for agent j.
To see this point, consider the following example: Let {Ti , θ̂i ,
π̂i }2i=1 be such that, for i = 1, 2, Ti = Θi × Si , where Θi =
Si = [0, 1], and π̂i : [0, 1]2 → M ([0, 1]2 ) is a continuous
injection. Let ν̄1 ∈ M ([0, 1]2 ) be such that all probability mass
is assigned to the set [0, 1] × {1}, i.e. ν1 ([0, 1] × {1}) = 1 and
ν1 ([0, 1] × [(0, )]) = 0, and let ν1 ∈ M([0, 1]4 ) be the distribution
of the vector (θ1 , s1 , θ2 , s2 ) that is induced by v̄1 (·) and the regular
conditional distribution π̂1 (·|·) for (θ2 , s2 ) given (θ1 , s1 ). Because
π̂i : [0, 1]2 → M([0, 1]2 ) is a continuous injection, the model
{Ti , θ̂i , π̂i }2i=1 has the BDP property for agent 1, so, Definition 3.1
implies that ν1 has the BDP property for agent 1.
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Next, consider the function π̄1 : [0, 1]2 → M ([0, 1]2 ) such that

π̄1 (θ1 , s1 ) ≡ π̂1



θ1



2 − s1

,1

(9)

for all (θ1 , s1 ) ∈ [0, 1]2 . Because π̂1 is continuous, the function
π̄1 is continuous as well, so {Ti , θ̂i , π̄i }2i=1 is also an incompleteinformation model. Moreover, (9) implies π̄1 (θ1 , s1 ) ≡ π̂1 (θ1 , s1 )
whenever s1 = 1. Since ν1 ([0, 1] × {1}) = 1, it follows that, like
π̂1 , under the prior ν1 , π̄1 is a regular conditional distribution for
(θ2 , s2 ) given (θ1 , s1 ), i.e., ν1 is a prior for agent 1 in the incompleteinformation model {Ti , θ̂i , π̄i }2i=1 , as well as {Ti , θ̂i , π̂i }2i=1 . However,
the incomplete-information model {Ti , θ̂i , π̄i }2i=1 does not have the
BDP property for agent 1 because, under (9), we have π̄1 (θ1 , s1 ) =

π̄1 (θ1′ , s′1 ) whenever

θ1′

2−s′1

=

θ1

2−s1

.

To avoid this kind of paradox, we restrict our analysis to priors
I
on the set T :=
j=1 Tj for which the marginal distributions on
the individual type spaces have full support, i.e., for i = 1, . . . , I,
the support of the distribution of the type ti of agent i is Ti . The
following lemma shows that, for such priors, the requirement that
belief functions must be continuous eliminates the multiplicity of
belief functions that are compatible with a given prior.13 For such
priors, there is no ambiguity about the meaning of Definitions 3.1
and 3.2.
Lemma 3.3. For j = 1, . . . , I, let Tj be a complete separable metric
space, and let T :=
i=1 Ti . For any i, let π̂i : Ti → M (T−i ) be
a continuous function and let νi ∈ M (T ) be such that (3) holds,
i.e., νi is a prior for π̂i . If the support of the marginal distribution
on agent i′ s types that is induced by νi is equal to Ti , then π̂i is the
unique continuous regular conditional distribution for t−i given ti that
is induced by νi .

I

Proof. If the lemma is false, there exists a prior νi ∈ M (T )
such that the support of the marginal distribution on agent i′ s
types is equal to Ti and there exist two belief functions b1i (·, νi ),
b2i (·, νi ) be such that b1i (·, νi ) and b2i (·, νi ) are both continuous and
both regular conditional distributions for t−i given ti under νi . If
b1i (·, νi ) ̸= b2i (·, νi ), there exists ti ∈ Ti such that b1i (ti , νi ) ̸=
b2i (ti , νi ). Because b1i (·, νi ) and b2i (·, νi ) are both regular conditional
distributions for t−i given ti under νi , it must be the case that
νi ({ti } × T−i ) = 0. Because the support of the marginal distribution
on agent i′ s types is equal to Ti , it must be the case that, for any
ε > 0, νi (Bε (ti ) × T−i ) > 0, where Bε (ti ) is an ε -neighbourhood
of ti . However, because b1i (·, νi ) and b2i (·, νi ) are both continuous,
b1i (ti , νi ) ̸= b2i (ti , νi ) implies b1i (ti′ , νi ) ̸= b2i (ti′ , νi ) for all ti′ ∈ Bε (ti )
if ε > 0 is sufficiently small. But then, b1i (ti′ , νi ) ̸= b2i (ti′ , νi ) for

in the sense of Definition 3.1 is satisfied. Construct another regular conditional
distribution for t−i given ti by setting

5

In contrast to our approach, Heifetz and Neeman (2006) do not
require marginal type distributions to have full support. Instead
they use a definition of the BDP property which neglects null sets.
In their analysis, a prior on the underlying type space satisfies the
BDP property for agent i if there exists a subset T̂i of the type space
for agent i such that the prior assigns probability one to T̂i and,
moreover, the BDP condition (2) holds for all ti and ti′ in T̂i .14 This
definition of the BDP property for priors implies that, if the
BDP property in their definition holds for one regular conditional
distribution that is induced by a given prior, then it must hold for all
regular conditional distributions that are induced by this prior. The
ambiguity in the definition of the BDP property that is created by
the multiplicity of regular conditional distributions is eliminated.
Because null sets are defined in terms of priors, the BDP property here is also defined as a property of priors. This contrasts
with the specification of the incomplete-information model T =
{Ti , θ̂i , π̂i }Ii=1 , which does not refer to any prior but takes the belief
functions π̂i as primitives. Taking belief functions as primitives, we
find it is more natural to start with a definition of the BDP property
for belief functions.
The treatment of the BDP property in Heifetz and Neeman
(2006) stands in the context of the discussion about auction design
and surplus extraction with correlated values. Proposition 2, p.
218, in their paper asserts that any prior under which an auction
mechanism can be designed so that all surplus is extracted must
be a BDP prior.15 In the following, we prove an analogous result,
showing that, if the incomplete-information model {Ti , θ̂i , π̂i }Ii=1
admits full surplus extraction, then it must exhibit the BDP
property in the sense of Definition 2.1.
Let {Ti , θ̂i , π̂i }Ii=1 be given and suppose that payoff parameters
are scalars. Let A be a set of allocation choices and let vi (a, θi ) be
the payoff that agent i associates with the choice a ∈ A when
the value of his payoff parameter is θi . An direct mechanism is
a vector (â(·), m1 (·), . . . , mI (·)) of functions on T such that, for
any vector (t1 , . . . , tI ) ∈ T , a(t1 , . . . , tI ) is the allocation choice
and m1 (t1 , . . . , tI ), . . . , mI (t1 , . . . , tI ) are the different agents’
payments when agents’ types are t1 , . . . , tI . The mechanism is
incentive-compatible if



[vi (â(ti , t−i ), θ̂i (ti )) − mi (ti , t−i )] dπ̂i (t−i |ti )
T−i



[vi (â(ti′ , t−i ), θ̂i (ti )) − mi (ti′ , t−i )] dπ̂i (t−i |ti )

≥

(10)

T−i

for all i and all ti and ti′ in Ti . The mechanism is individually rational
if

13 Without continuity, the multiplicity of regular conditional distributions for

[0, 1], Si = [0, 1], hence Ti = [0, 1]2 . For a given prior νi , let bi (·|·, νi ) be a
regular conditional distribution for t−i given ti = (θi , si ) such that the BDP property

–

all ti′ in a set that has positive measure under νi (· × T−i ). This is
incompatible with the assumption that b1i (·, νi ) and b2i (·, νi ) are
both regular conditional distributions for t−i given ti under νi . 


a given prior is even more vexing. For an example, suppose again that Θi =

)

[vi (â(ti , t−i ), θ̂i (ti )) − mi (ti , t−i )] dπ̂i (t−i |ti ) ≥ 0

(11)

T−i

for all i and all ti in Ti . The mechanism induces up-to-ε surplus
extraction from agent i if



[vi (â(ti , t−i ), θ̂i (ti )) − mi (ti , t−i )] dπ̂i (t−i |ti ) ≤ ε

(12)

T−i

b̂i (·|θi , si , νi ) = bi (·|θi , si , νi ) if θi ∈ (0, 1], si ∈ [0, 1]

for all ti in Ti .

and

b̂i (·|θi , si , νi ) = bi (·|ψ(si ), νi )

if θi = 0, si ∈ [0, 1],

where ψ : [0, 1] → [0, 1]2 is Peano’s space-filling function. If νi assigns measure
zero to the event θi = 0, we have b̂i (ti , ν) = bi (ti , ν) for νi -almost all (θi , si ),
implying that b̂i (·, νi ) is indeed another regular conditional probability distribution
for t−i given ti under νi . However, for every type vector (θi , si ) ∈ (0, 1] × [0, 1] for
agent i, there is s′i ∈ [0, 1] such that b̂i (θi , si , νi ) = b̂i (0, s′i , νi ).

14 The concept of a BDP∗ model in Chen and Xiong (2011) also requires the BDP
property to hold only with probability one.
15 As stated, the proposition is not actually correct. The strict inequality in the

proof of the proposition on p. 219 presumes that the type θi′ with a lower willingness
to pay for the object actually has a positive probability of getting the object. If this
type has zero probability of getting the object, the strict inequality is incorrect. A
correct version of the proposition would have to state the additional assumption.
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Proposition 3.4. Let {Ti , θ̂i , π̂i }Ii=1 be an incomplete-information
model where payoff parameters are scalars, i.e. Θi ⊂ R for all i.
Let A be a set of possible allocation choices and let â : T → A and
vi : A × Θi → R be such that, for each ti ∈ Ti , the map

θi →



vi (â(ti , t−i ), θi ) dπ̂i (t−i |ti )

(13)

T−i

is strictly increasing. Suppose that, for every ε > 0, there exist
functions m1 , . . . , mI from T to R such that the direct mechanism
(â(·), m1 (·), . . . , mI (·)) is incentive-compatible and individually
rational and provides for up-to-ε surplus extraction from agent i. Then
the model {Ti , θ̂i , π̂i }Ii=1 exhibits the BDP property for agent i.
Proof. Suppose that the incomplete-information model {Ti , θ̂i ,
π̂i }Ii=1 does not have the BDP property for agent i. Then there exist
ti and ti′ in Ti such that π̂i (ti ) = π̂i (ti′ ) and θ̂i (ti ) > θ̂i (ti′ ). If
(â(·), m1 (·), . . . , mI (·)) is any incentive-compatible, individually
rational, direct mechanism satisfying the conditions of the
proposition, we obtain



[vi (â(ti , t−i ), θ̂i (ti )) − mi (ti , t−i )] dπ̂i (t−i |ti )

 −i

[vi (â(ti′ , t−i ), θ̂i (ti′ )) − mi (ti′ , t−i )] dπ̂i (t−i |ti )





[vi (â(ti , t−i ), θi ) − mi (ti , t−i )] dπ̂i (t−i |t̄i )

[vi (â(t̄i , t−i ), θ̂i (t̄i )) − mi (t̄i , t−i )] dπ̂i (t−i |t̄i ) ≥
T−i

[vi (â(ti′ , t−i ), θ̂i (ti′ )) − mi (ti′ , t−i )] dπ̂i (t−i |ti′ ) ≥ 0.

=
T−i

The first inequality is implied by incentive compatibility, the
second (strict) inequality by the monotonicity of the map (13)
and the inequality θ̂i (ti ) > θ̂i (ti′ ), the equality by the equation
π̂i (ti ) = π̂i (ti′ ), and the final inequality by individual rationality.
Given the strict inequality, there exists η > 0 such that

[vi (â(ti , t−i ), θ̂i (ti )) − mi (ti , t−i )] dπ̂i (t−i |ti ) ≥ η.

(15)

For a given allocation rule â : T → A, full expected-surplus
extraction from agent i is said to be possible if, for every ε > 0,
there exist functions m1 , . . . , mI from T to R such that the direct
mechanism (â(·), m1 (·), . . . , mI (·)) is incentive-compatible and
individually rational and provides for up-to-ε expected-surplus
extraction from agent i. For this weaker form of surplus extraction,
it is not generally necessary to have the BDP property in the sense
of Definition 2.1 or Definition 3.1, but only in the weaker sense of
Heifetz and Neeman (2006). An example to this effect is given by
Chen and Xiong (2011).
However, the example of Chen and Xiong (2011) involves
a noncompact type space or, if a compactification is imposed,
a discontinuous mechanism. For compact type spaces and
continuous mechanisms, the conclusion of Proposition 3.4 is
obtained even for full expected-surplus extraction, provided the
prior is such that the marginal distribution on Ti has full support.
In this case, the map



T−i



[vi (â(ti , t−i ), θ̂i (ti )) − mi (ti , t−i )] dν(t−i , ti ) ≤ ε.
T

is continuous, so (14) implies that

T

>



T−i

[vi (â(ti′ , t−i ), θ̂i (ti )) − mi (ti′ , t−i )] dπ̂i (t−i |ti )

≥

–

induces up-to-ε expected-surplus extraction from agent i if

(t̄i , ti , θi ) →

T−i

)

(14)

T−i

Therefore the mechanism (â(·), m1 (·), . . . , mI (·)) does not provide
η
for up-to- 2 surplus extraction. The proposition follows immediately. 
The condition for surplus extraction that we use in Proposition 3.4 is applied pointwise, for each type of agent i, without reference to any prior.16 We use this condition because the
incomplete-information model {Ti , θ̂i , π̂i }Ii=1 itself has been introduced without reference to any prior.
In contrast, Heifetz and Neeman (2006) assume that there is a
common prior ν and refer to full extraction of expected surplus,
where the expectation is taken with respect to the common
prior.17 Given the prior ν , the mechanism (â(·), m1 (·), . . . , mI (·))

16 This is also the approach of McAfee and Reny (1992). Their condition for full
surplus extraction encompasses the BDP condition.
17 Other differences are less important. Whereas Heifetz and Neeman (2006) refer

to full surplus extraction, we refer to up-to-ε surplus extraction for any ε > 0; this
weakening reflects the observation of McAfee and Reny (1992) that, for technical
reasons, full surplus extraction may not be feasible even though, for any ε > 0;
up-to-ε surplus extraction is feasible. The assumption of strict monotonicity of
the function in (13) is not explicitly stated by Heifetz and Neeman (2006), but
is implicit in their proof; see footnote 15. This assumption could be replaced by
a requirement that full surplus extraction (or up-to-ε surplus extraction for any
ε > 0) be achievable for all specifications of the allocation function â, as in McAfee
and Reny (1992).

η
2

(16)

for all t̄i sufficiently close to ti and the full-support assumption
guarantees that the set of types t̄i satisfying (16) has positive
measure under the prior.
4. Examples
We illustrate the BDP property by several examples.
Example 4.1. Let I = 2, Θ1 = S2 = R, Θ2 = S1 = {0}, and
suppose that ν1 is a multivariate normal distribution. Then agent
1’s conditional expectations satisfy
E1 [s2 |θ1 , s1 ] =

cov(s2 , θ1 )
varθ1

(θ1 − E1 θ1 ) + E1 s2 .

(17)

If cov(s2 , θ1 ) ̸= 0, i.e., if the signal s2 contains any information
about θ1 , one can infer θ1 from the belief variable E1 [s2 |θ1 , s1 ]
and the parameters E1 θ1 , E1 s2 , cov(s2 , θ1 ), varθ1 of the prior ν1 .
Thus, the BDP property holds for agent 1 unless the signal s2 is
uncorrelated with the payoff type θ1 . Within the set of models
covered by Example 4.1, BDP is generic.
In this example, agent 2 receives a signal about agent 1’s payoff
type. Knowing this, agent 1 treats his own payoff type as a signal
about agent 2’s signal. Therefore, his belief about agent 2’s signal
varies with his payoff type. The relation is monotonic, and his
payoff type can be inferred from his belief type.
The following examples concern the possibility that BDP may
fail because of the confounding influence of another information
variable. In Example 4.2, confounding occurs, in Example 4.3,
confounding is neutralized by the presence of another dimension
of beliefs.
Example 4.2. Let I = 2, Θ1 = S1 = S2 = R, Θ2 = {0}, and
suppose that ν1 is a multivariate normal distribution. Then agent
1’s conditional expectations satisfy
E1 [s2 |θ1 , s1 ] = αθ (θ1 − E1 θ1 ) + αs (s1 − E1 s1 ) + E1 s2 ,

(18)
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αs = cov(s2 , θ1 )

varθ1
×
cov(θ1 , s1 )



cov(s2 , s1 )



 −1

cov(θ1 , s1 )
vars1

.

(19)

In this case, as in Example 4.1, agent 1’s belief about agent 2’s
signal is affected by agent 1’s payoff type unless cov(s2 , θ1 ) = 0.
However, if agent 1’s own signal is also correlated with s2 , it is
not possible to infer θ1 from the belief variable E1 [s2 |θ1 , s1 ] and
the parameters of the prior ν1 . For such an inference, one would
also have to know the realization of agent 1’s own signal. In this
setting, for any prior on T that is multivariate normal, the BDP
property fails to hold for agent 1 except in the negligible case where
cov(s2 , s1 ) = 0.
Example 4.3. Let I = 2, Θ1 = S1 = R, Θ2 = {0}, S2 = R2 , and
suppose that ν1 is a multivariate normal distribution. Then agent
1’s conditional expectations satisfy
E1 [s12 |θ1 , s1 ]
E1 [s22 |θ1 , s1 ]





  1
θ − E1 θ1
E s
=A 1
+ 1 22 ,
s1 − E1 s1
E 1 s2

(20)

where A = Σ21 Σ11 , with Σ21 , Σ11 as submatrices of the
variance–covariance matrix Σ of s12 , s22 , θ1 , s1 , partitioned so as to
reflect the distinction between the variables that agent 1 observes
and the variables that he does not observe. In this specification,
both θ1 and s1 can be inferred from the conditional expectations
E1 [s12 |θ1 , s1 ] and E1 [s22 |θ1 , s1 ] whenever the matrix A is invertible,
i.e., whenever the matrix Σ21 is nonsingular. Because the set of
nonsingular two-by-two matrices is open and dense in the set of
all two-by-two matrices, the BDP property is generic for agent 1
within the set of models covered by this example.
−1

Whereas Example 4.2 involves a failure of BDP due to a
confounding of influences of different information variables, the
following Example 4.4 shows that BDP will also fail if, for
given parameters of the prior ν1 , the map from payoff types
to conditional expectations is not monotonic (not one-to-one).
Subsequently, Example 4.5 will show that this problem is likely
to disappear if there are more variables about which to form
expectations so that the vector of conditional expectations has a
sufficiently high dimension.
Example 4.4. Let I = 2, Θ1 = S2 = R, Θ2 = S1 = {0}, and
suppose that ν1 is the distribution that is generated when
(21)

where θ1 and ε are independent normal random variables. In this
case, agent 1’s conditional distribution for s2 given θ1 is normal
with mean
E1 [s2 |θ1 , s1 ] = (θ −
2
1

θ ) + E1 s2

E1 12

(22)

and variance Var ε . From the belief E [s2 |θ1 , s1 ], one can infer θ
one cannot tell whether it is the positive or the negative solution
of the equation
2
1 , but

θ12 = E1 [s2 |θ1 , s1 ] − E1 s2 + E1 θ12 .

(23)

The BDP property fails to hold.
Example 4.5. Let I = 2, Θ1 = R, Θ2 = S1 = {0}, S2 = R2 , and
suppose that ν1 is the distribution that is generated when
s12 = θ12 + ε,
s22

(24)

= Aθ1 + Bθ + η
2
1

7

E1 [s12 |θ1 , s1 ] = (θ12 − E1 θ12 ) + E1 s12 ,

[ |θ1 , s1 ] = A(θ1 − E1 θ1 ) + B(θ −


E1 s22

2
1

and variance–covariance matrix

Var ε
0

(26)

θ )+


E1 12

0
Var η

E1 s22

(27)

. If A ̸= 0, then from

(26) and (27), one obtains

θ1 = E1 θ1 +


1
E1 [s22 |θ1 , s1 ] − E1 s22 − BE1 [s12 |θ1 , s1 ] − E1 s12 , (28)
A

which shows that θ1 can be inferred by looking at E1 [s12 |θ1 , s1 ] and
E1 [s22 |θ1 , s1 ] jointly. By looking at the two belief variables together,
one overcomes the difficulty that neither belief variable alone is
injective in θ1 . The BDP property holds for agent 1 except in the
negligible case A = 0.
5. Genericity results



s2 = θ12 + ε,

–

where θ1 ,ε , and η are independent normal random variables and A
and B are constants. In this case, agent 1’s conditional distribution
for s12 and s22 given θ1 is normal with means

where


αθ

)

(25)

5.1. The BDP property with finite type sets
Turning from these examples to a more general analysis, we
first consider the case where the type sets Ti are finite. If each type
I
set Ti is finite, with ni elements, the space T := i=1 Ti is also finite,
with N =

I

i=1
N

ni elements, and the prior F is represented by a

N

vector Π ∈ R , such that k=1 Πk = 1. The set of such vectors is
endowed with the usual (Euclidean) topology.
Proposition 5.1. Assume that, for each i, Ti is a finite set with ni
distinct elements. For any i, let
N−i :=

I


nj

(29)

j=1
j̸=i

be the cardinality of the set T−i . If ni ≤ N−i for all i, then, for each
i, the set Pi of priors that exhibit the BDP property for agent i is open
and dense in the set of all priors on T .
Proof. Fixing i, we note that any N vector Π N of probabilities on T
can be written in matrix form as Π (i) = (πti t−i ) where the different
rows refer to different types ti of agent i and different columns
refer to the different elements t−i of T−i . The belief bi (·|ti ) of agent
i, conditional on ti , about the other agents’ types is represented by
a vector of conditional probabilities on T−i . Bayes’ Law implies that,
under the prior Π , this vector is proportional to the vector (πti t−i );
one can write:
bi (t−i |ti ) = λ(ti ) × πti t−i

(30)

for all t−i ∈ T−i , where

λ(ti ) =

1



πti t−i

(31)

t−i ∈T−i

is chosen to ensure that the entries in (30) sum to one. Eqs. (30)
and (31) imply that, if the rows of the matrix Π (i) are linearly
independent, as well as strictly positive, then so are the belief
vectors bi (·|ti ), ti ∈ Ti . This implies, in particular, that the belief
vectors bi (·|ti ), ti ∈ Ti , are all distinct and the function ti →
bi (·|ti ) is invertible, i.e. one can infer the type ti of agent i from his
belief vector. Given that ti = (θi , si ), this means, in particular, that
one can infer θi from bi (·|ti ). The proposition follows because, by
standard arguments, for ni ≤ N−i , the set of ni × N−i matrices
with linearly independent rows is an open and dense subset Pi of
Rni × RN−i = RN . 
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Corollary 5.2. Under the assumptions of Proposition 5.1, the set of
common priors exhibiting the BDP property is open and dense in the
set of all priors on T .
Proof. Proposition 5.1 implies that, for each i, the set Pi of priors
that satisfy BDP for agent i is open and dense in the set of all priors
on T . Because I is finite, the intersection P = ∩Ii=1 Pi of these open
and dense sets for the different agents i is still open and dense. The
corollary follows by observing that a common prior satisfies BDP
for all agents i if and only if it belongs to P. 
The assumption that ni ≤ N−i ensures that the set of things
about which agent i forms his beliefs is larger than the set of
things on which he conditions. When both sets are finite, it
follows that, generically, the map from types to beliefs is oneto-one. Indeed, the belief vectors of different types are linearly
independent, generically. This latter property is sufficient for
surplus extraction.18
5.2. The BDP property for agent i with a continuum of types
We next allow for a continuum of types of each agent. We
assume that, for each i, there is a positive integer ni such that the
I
type set Ti of agent i is a subset of Rni . The space T :=
i=1 Ti of

I

vectors of all agents’ types is a subset of RN , where N :=
j = 1 nj .
The space T−i of vectors of types of agents other than i is a subset of
RN−i , where N−i = N − ni . The sets Ti , i = 1, . . . , I , and therefore
also T and T−i , i = 1, . . . , I , are assumed to be compact.
In this setting, a belief function for agent i is a continuous
function from Ti into M (T−i ), where M (T−i ) is endowed with
the topology of weak convergence of probability measures,
i.e. the weak∗ topology. We write C (Ti , M (T−i )) for the space of
continuous functions from Ti into M (T−i ) and endow C (Ti , M (T−i ))
with the topology of uniform convergence. By Definition 2.1, a
(continuous) belief function for agent i has the BDP property if
and only if it is an embedding, i.e. a continuous injection of Ti into
M(T−i ).
The following result contains the main insight of our analysis.
Proposition 5.3. Let Ti , T−i be compact subsets of Rni and RN−i . If
T−i has infinitely many elements, the set E (Ti , M (T−i )) of embeddings
of Ti in M (T−i ) is a countable intersection of open and dense subsets
of C (Ti , M (T−i )).
For the proof of Proposition 5.3, the reader is referred to
Appendix A.1. The proposition extends the embedding theorem for
continuous functions to the case where the range of the functions
is a space of measures. This embedding theorem involves functions
whose range has more than twice the dimension of its domain. In
the present context, if T−i has infinitely many elements, the range
M(T−i ) of the belief function of agent i is an infinite-dimensional
space. If the domain of the belief function, i.e., the type set of agent
i, is a finite-dimensional set, the set of belief functions that are
embeddings, and therefore the set of belief functions that have the
BDP property, is a residual set.19
Turning from belief functions to priors, we note that any prior is
a probability measure on T . Given a prior ν ∈ M (T ), we write ν̄i (ν)
for the marginal distribution on Ti that is induced by ν and bi (·, ν)
for the belief function of agent i, a regular conditional distribution

18 For a discussion of the role of linear independence, see Crémer and McLean
(1988), McAfee and Reny (1992).
19 Given that the space C (T , M (T )) is Baire, the fact that the set E (T , M (T ))
i

−i

i

−i

is a countable intersection of open and dense sets also implies that E (Ti , M (T−i )) is
dense, i.e. any element of C (Ti , M (T−i )) can be approximated arbitrarily closely by
elements of E (Ti , M (T−i )).

)

–

for t−i given ti , that is induced by ν . As discussed in Section 3, we
restrict our attention to the subset Nic (T ) of priors on T such that,
for ν ∈ Nic (T ), the marginal distribution ν̄i (ν) has full support and
the belief function bi (·, ν) is continuous. For such priors Lemma 3.3
ensures that there is no ambiguity in Definition 3.1 saying that
ν has the BDP property for agent i if and only if the associated
continuous belief function bi (·, ν) has the BDP property.
Any assessment of the genericity of the BDP property for
priors in Nic (T ) depends on the topology that is imposed on this
space. Because we are interested in the behaviour of conditional
distributions, it would be inappropriate to simply specify the space
of priors as a subspace of M (RN ) endowed with the topology
of weak convergence of probability measures, i.e. the weak∗
topology. The topology of weak convergence fails to control for the
behaviour of conditional distributions. If a sequence of measures ν k
converges weakly to a limit ν , the regular conditional distributions
can exhibit a discontinuity in the limit.20 Such a discontinuity in
the information that is available to the agent is likely to induce a
discontinuity in his behaviour.
To avoid such discontinuities, we specify the topology on Nic (T )
so that the map from priors to joint distributions of types and
beliefs is continuous.21 If payoff functions are also continuous,
this condition ensures that behaviour correspondences are upper
hemi-continuous in types. Continuity of the map from priors to
joint distributions of types and beliefs ensures that, if payoff
functions are continuous, then the map from priors to joint
distributions of types and actions is upper hemi-continuous.22
Because belief functions are continuous, continuity of the map
from priors to joint distributions of types and beliefs is obtained
if the maps ν → ν̄i (ν) and ν → bi (·, ν) from priors to type
distributions and from priors to belief functions are continuous.
For any ν ∈ Nic (T ), the marginal distribution ν̄i (ν) is an element
of the space M (Ti ) of probability measures on Ti and the induced
belief function bi (·, ν) is an element of the space C (Ti , M (T−i )) of
continuous functions from Ti into M (T−i ). Endowing M (Ti ) with
the topology of weak convergence and C (Ti , M (T−i )) with the
topology of uniform convergence, we specify the topology on
Nic (T ) to be the coarsest topology under which the mapping
ϕi from Nic (T ) to M(Ti ) × C (Ti , M(T−i )) that is defined by the
formula

ϕi (ν) = (ν̄i (ν), bi (·, ν))

(32)

is continuous.
Given this topology, the following result, which relies on
Proposition 5.1, establishes the residualness of the BDP property
in Nic (T ).
Proposition 5.4. Let Ti , T−i be compact subsets of Rni and RN−i
and let T := Ti × T−i . Let Nic (T ) be endowed with the coarsest
topology under which the mapping ν → ϕi (ν) = (ν̄i (ν), bi (·, ν))
is continuous. If T−i ⊂ RN−i has infinitely many elements, then the

20 Examples are given by Jordan (1977) and Hellwig (1996). In the present setting,
let I = 2, n1 = n2 = 1. For k = 1, 2, . . . , let ν k be such that t1 is uniformly
distributed on [0, 1] and t2 = 21 [1 + sin(kt1 )]. The sequence {ν k } converges weakly

to the uniform distribution on [0, 1]2 . For any k, agent 1 is able to perfectly infer
the type of agent 2 from his own type, but, in the limit, observation of his own type
provides him with no information at all about the type of agent 2.
21 This is the continuity property required in Jordan (1977). As mentioned above,
with continuous payoff functions, this continuity property implies that the map
from priors to joint distributions of types and actions is upper hemi-continuous.
For details, see Jordan (1977), Hellwig (1996).
22 In a setting with countable types spaces, Kajii and Morris (1994) show that
uniform convergence of regular conditional distributions is necessary and sufficient
for approximate interim Nash equilibrium correspondences to be also lower hemicontinuous.
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set Ni∗ (T ) of priors in Nic (T ) that have the BDP property for agent i
is a residual subset, i.e., Ni∗ (T ) contains a countable intersection of
open and dense subsets of Nic (T ).
Proof. Let E (Ti , M (T−i )) be the set of embeddings of Ti in M (T−i )
and note that any measure ν with bi (·, ν) ∈ E (Ti , M (T−i )) has the
BDP property. It therefore suffices to show that the set ϕi−1 (M (Ti )×
E (Ti , M(T−i ))) is a residual subset of Nic (T ).
By Proposition 5.3, E (Ti , M (T−i )) is a residual subset of
C (Ti , M (T−i )). Trivially then, M (Ti ) × E (Ti , M (T−i )) is a residual
subset of the space M (Ti ) × C (Ti , M (T−i )). By Lemma A.2 in the
Appendix, residualness of ϕi−1 (M (Ti ) × E (Ti , M (T−i ))) in Nic (T )
follows if the mapping ϕi is open as well as continuous.
Because the topology on Nic (T ) is the coarsest topology under
which ϕi is continuous, the open sets in Nic (T ) all take the form
V = ϕi−1 (U ) where U is an open subset of M (Ti ) × C (Ti , M (T−i )).
For any open set V ⊂ Nic (T ), therefore, the set ϕi (V ) is open,
i.e., ϕi maps open sets into open sets. Thus, ϕi is open as well as
continuous. By Proposition 5.3 and by Lemma A.2 in the Appendix,
therefore, ϕi−1 (M (Ti ) × E (Ti , M (T−i ))) is a residual subset of
Nic (T ). 
5.3. The BDP property for a common prior with a continuum of types
With finite type sets, the genericity of the BDP property for
common priors was a simple corollary of the genericity of the
BDP property for any single agent. With a continuum of types, the
matter is slightly more complicated. The reason is that we now
require continuity of belief functions for all agents, so the relevant
set of measures is the set N c (T ) := ∩Ik=1 Nkc (T ) of priors on
T that admit continuous regular conditional distributions for t−i
given ti for all agents i. An assessment of the set of priors on T
that have the BDP property for all agents simultaneously requires
a consideration of the intersections ∩Ii=1 Ni∗ (T ), as a subset of
N c (T ). Proposition 5.4 establishes residualness of the set Ni∗ (T )
of priors having the BDP property for agent i in the set Nic (T ) of
priors on T that admit continuous regular conditional distributions
for t−i given ti . This does not, however, permit any inference
about the relation between Ni∗ (T ) and the intersection Nic (T ) =
∩Ik=1 Nkc (T ). There is no guarantee that the perturbations of belief
functions that serve to establish denseness of Ni∗ (T ) in Nic (T )
can be chosen to lie in the intersection ∩Ik=1 Nkc (T ), as would be
required to establish denseness of Ni∗ (T ) in ∩Ik=1 Nkc (T ).
To avoid this difficulty, we go back to the residualness of
BDP belief functions that was established in Proposition 5.3. From
this result, we derive the residualness of common priors with the
BDP property in N c (T ) by the same argument that we used in the
proof of Proposition 5.4. In the following proposition, as before, the
spaces M (Ti ) and M (T−i ) have the topology of weak convergence,
and C (Ti , M (T−i )) has the topology of uniform convergence.
Proposition 5.5. For i = 1, . . . , I , let Ti be a compact subset of
Rni , and assume that N c (T ) := ∩Ik=1 Nkc (T ) is nonempty, where,
I
c
as before, T =
j=1 Tj . Let N (T ) be endowed with the coarsest
topology under which the mapping

ν → ϕ(ν) := (ϕ1 (ν), . . . , ϕI (ν)),

)

–

9

sets Ni∗ (T ) of priors in N c (T ) that have the BDP property for agents
i = 1, . . . , I , it suffices to show that each of the sets Ni∗ (T ) contains
a countable intersection of open and dense subsets of N c (T ).
The proof of this latter claim is similar to the proof of Proposition 5.4. Because any measure ν with bi (·|·, ν) ∈ E (Ti , M (T−i )) has
the BDP property, it suffices to show that the set ϕi−1 (M (Ti ) ×
E (Ti , M(T−i ))) is a residual subset of N c (T ). By Proposition 5.3,
E (Ti , M(T−i )) is a residual subset of C (Ti , M (T−i )). Therefore,
M(Ti )× E (Ti , M(T−i )) is a residual subset of M (Ti )× C (Ti , M(T−i )).
Residualness of ϕi−1 (M (Ti )× E (Ti , M (T−i ))) in N c (T ) follows if the
mapping ϕi is open as well as continuous.
By the same argument that was given for the mapping ϕi in
the proof of Proposition 5.4, the mapping ϕ = (ϕ1 , . . . , ϕI ) is
I
a continuous and open mapping from N c (T ) to
i=1 [M (Ti ) ×
C (Ti , M (T−i ))]. Because the projection is also continuous and open,
it follows that ϕi is also open and continuous. Residualness of
Ni∗ (T ) in N c (T ) follows immediately. 
5.4. The BDP property for common priors with continuous densities
The formulation of Proposition 5.5 is somewhat unsatisfactory
in that the nonemptiness of the set N c (T ) of common priors
admitting continuous belief functions for all agents is assumed,
rather than derived from the underlying mathematical structure.
Nonemptiness of N c (T ) can be proved, however, if the type spaces
Ti , i = 1, . . . , I , are such that the set M (T ) contains measures with
continuous, bounded densities.23 For such measures, we actually
obtain a stronger genericity result.
In the following, we assume that, for each i, the type set Ti for
agent i is compact and is the closure of an open set T̊i . As before,
we assume that Ti is a subset of Rni , and we write T and T−i for the
I
I
products j=1 Tj and j=1 Tj . Given the set T , we consider the set
j̸=i

Md (T ) of measures ν such that, for some continuous and bounded
function f ν : T → R+ , we have

ν(B) =



f ν (t )dt

(34)

B

for any measurable B ⊂ T . For any ν ∈ M d (T ) and any ti ∈ Ti , set
f¯iν (ti ) =



f ν (ti , t−i )dt−i .

(35)

T−i

Because f ν is continuous and bounded on T and because the set
T−i is bounded, the integral in (35) is well defined for all ti ∈ Ti .
Moreover, f¯iν (ti ) depends continuously on ti . The function f¯iν (·)
from Ti to R+ that is defined by (35) is the density function of the
d
(T )
marginal distribution ν̄i (ν) that is induced by ν . We write M+
for the set of measures ν ∈ M d (T ) such that f¯iν (ti ) > 0 for all i and
all ti ∈ Ti .
d
For ν ∈ M+
(T ) and ti ∈ Ti , we can then define a density
function βi (·|ti , ν) on T−i by setting

βi (t−i |ti , ν) :=

f ν (ti , t−i )
f¯iν (ti )

(36)

(33)

with ϕi (ν) = (ν̄i (ν), bi (·, ν)), i = 1, . . . , I , from N (T ) to i=1
[M(Ti ) × C (Ti , M(T−i ))] is continuous. If the sets Ti , i = 1, . . . , I,
have infinitely many elements, then the set N ∗ (T ) of elements of
N c (T ) that have the BDP property for all agents is a residual subset,
i.e., N ∗ (T ) contains a countable intersection of open and dense
subsets of N c (T ).
c

I

Proof. Because the set N ∗ (T ) of priors in N c (T ) that have the BDP
property for all agents is equal to the intersection ∩Ii=1 Ni∗ (T ) of the

23 A referee has asked us whether there are other instances of common priors
that are compatible with continuous belief functions for all agents. A first answer
comes from observing that the argument in the text remains valid for any prior
that has a continuous and bounded density functions with respect to some measure
λ1 × · · · × λI on T1 × · · · × TI . There is no need for absolute continuity with respect
to Lebesgue measure. The question is whether this exhausts the set of priors with
continuous regular conditional distributions for all agents. Could the requirement
of joint continuity of conditional distributions for all agents imply the absolute
continuity of the prior with respect to some measure λ1 × · · · × λI on T ?
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for t−i ∈ T−i . With this density function, we associate the
probability distribution bi (·|ti , ν) such that
bi (B−i |ti , ν) :=



βi (t−i |ti , ν)dt−i

(37)

B−i ∩T̊−i

for any measurable set B−i ⊂ RN−i . The function bi (·|·, ν) is
obviously a regular conditional probability distribution for t−i
given ti .
By inspection of (36), the density βi (t−i |ti , ν) depends continuously on ti ∈ Ti and t−i ∈ T−i . By standard arguments, again using Lebesgue’s bounded-convergence theorem, it follows that the
function ti → bi (·|ti , ν) that is given by (37) maps the domain Ti of
the marginal density f¯iν continuously into M (T−i ). By the same argument as in Lemma 3.3, this is the only regular conditional distribution for t−i given ti that maps Ti continuously into M (T−i ).
d
By construction, we have M+
(T ) ⊂ N c (T ). The continuity
property of the regular conditional distribution here is actually
d
stronger than in the preceding analysis. For ν ∈ M+
(T ), the belief
function bi (·|·, ν) actually takes values in the subspace M d (T−i )
of M (T−i ) consisting of those measures that have densities that
are continuous on T−i . If we endow M d (T−i ) with the topology
that is induced by the uniform topology for density functions,
we find that the function bi (·|·, ν) maps the set Ti continuously
into M d (T−i ), i.e., that bi (·|·, ν) is an element of the space
C (Ti , M d (T−i )) of continuous functions from Ti into M d (T−i ). If we
endow C (Ti , M d (T−i )) with the uniform topology, we obtain the
following analogue of Proposition 5.3.
Proposition 5.6. For i = 1, . . . , I , let Ti be a compact subset of
I
I
Rni and let T−i :=
j=1 Tj and T =
j=1 Tj . Assume that the sets

For a proof of Proposition 5.6, the reader is referred to Appendix A.2.
To translate this result into a proposition about priors, we
d
endow the space M+
(T ) with the coarsest topology under which
the maps

ν → ψi (ν) = (v̄i (ν), bi (·, ν)),

d
M+
(T ) is endowed with the topology that is induced by the uniform
topology for density functions, then the set N ∗∗ (T ) of priors on T that
d
have the BDP property for all agents is a residual subset of M+
(T ).

Corollary 5.8 follows immediately from Proposition 5.7 and the
following lemma, the proof of which is given in Appendix A.3.
Lemma 5.9. The topology that is induced by the topology of uniform
convergence of density functions is the coarsest topology under which
the mapping ν → ψ(ν) in Proposition 5.7 is continuous.
6. Relation to the literature
The thrust of our results runs counter to that of Heifetz and
Neeman (2006) and Barelli (2009), and parallels (Chen and Xiong,
2011). It is therefore appropriate to discuss the relation of our
analysis to theirs. Heifetz and Neeman (2006) consider families
{T k }k∈K of incomplete-information models of the form

T k = {Tik , θ̂ik , π̂ik }Ii=1

(40)

where, for any k in some index set K , for any i, Tik is a set of abstract

‘‘types’’ for agent i, θ̂ik is a mapping from Tik into a set Θik of payoff
parameter vectors for agent i, and π̂ik is a continuous mapping
 
from Tik into the set M T−k i of probability distributions on the
space T−k i of the other agents’ abstract types. They restrict their
attention to incomplete-information models that are consistent
with common priors and study the genericity of the BDP property
in the set


P ⊂M

I 



Tik

(41)

i=1 k∈K

such that F ∈ P if and only if F is a common prior for one model
T k in the family that is being considered. Under the assumption
that the family {T k }k∈K is ‘‘closed under finite unions’’, they show
1

2

that the set P is convex: If F k and F k are common priors for the
incomplete-information models T
the measure

(38)

from distributions on T into marginal distributions and belief
d
functions, are continuous. In this context, the range M+
(Ti ) of
the function ν → v̄i (ν) is taken to have the topology that is
induced by the uniform topology for density functions, the range
C (Ti , M d (T−i )) of the function ν → bi (·, ν) the topology of uniform
convergence.

–

Corollary 5.8. For i = 1, . . . , I , let Ti be a compact subset of Rni and
I
let T = j=1 Tj . Assume that the sets Ti have nonempty interiors T̊i . If

j̸=i

Ti have nonempty interiors T̊i . Then for any i, the set E (Ti , M d (T−i ))
of embeddings of Ti in M d (T−i ) is a residual subset, i.e., it contains a
countable intersection of open and dense subsets of C (Ti , M d (T−i )).

)


αF

k1

+ (1 − α)F

k2

∈M

I


k1

2

, T k , then, for any α ∈ [0, 1],


(

1
Tik

∪

2
Tik

)

(42)

i =1

is a common prior for the model T

k̂

1

2

= {(Tik ∪ Tik ), θ̂ik̂ , π̂ik̂ }Ii=1 ,

where T k̂ is the model that corresponds to the ‘‘union’’ of T

T

k2

k1

and

, with θ̂ , π̂ specified so that
k̂
i

k̂
i

1

1

1

2

2

2

Proposition 5.7. For i = 1, . . . , I , let Ti be a compact subset of
I
I
Rni and let T−i :=
j=1 Tj and T =
j=1 Tj . Assume that the sets
j̸=i

(θ̂ik̂ (ti ), π̂ik̂ (ti )) = (θ̂ik (ti ), π̂ik (ti )) if ti ∈ Tik

Ti have nonempty interiors T̊i . Let M+ (T ) is endowed with the coarsest
topology under which the mapping

(θ̂ik̂ (ti ), π̂ik̂ (ti )) = (θ̂ik (ti ), π̂ik (ti )) if ti ∈ Tik .

ν → ψ(ν) := (ψ1 (ν), . . . , ψI (ν)),

Given this finding, they go on to show that any prior F k̂ ∈ P
that can be represented in the form

d

(39)

d
d
with ψi (ν) = (v̄i (ν), bi (·, ν)), from M+
(T ) to i=1 [M+
(Ti ) ×
d
∗∗
C (Ti , M (T−i ))] is continuous. Then the set N (T ) of priors in
d
M+
(T ) that have the BDP property for all agents is a residual subset
d
of M+
(T ).

and

I

Proposition 5.7 follows from Proposition 5.6 by the same argument by which Proposition 5.5 was derived from Proposition 5.3.
The details are left to the reader.

(43)

F k̂ =

J


j

αj F k ,

(44)

(45)

j=1

with αj > 0 for all j, has the BDP property if and only if every
j

one of the distributions F k has the BDP property. This leads them
to conclude that, unless the incomplete-information models T k ,
k ∈ K , admit only BDP priors, the set of non-BDP priors will be
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geometrically and measure-theoretically generic in P . Specifically,
if the incomplete-information models T k , k ∈ K , admit one or
more non-BDP priors, the set of BDP priors will be a proper face
of the convex set P . Moreover, under certain additional regularity
conditions, the set of BDP priors will be finitely shy in P .
In contrast to Heifetz and Neeman (2006) we follow a
topological approach. However, with finite-dimensional abstract
type spaces, the difference between our results and those of Heifetz
and Neeman (2006) is not only a matter of topological versus
geometric or measure-theoretic genericity but also of genericity
in the full space versus genericity in a specially chosen subspace.
Heifetz and Neeman (2006) are concerned with the genericity of
non-BDP priors relative to the set of all priors that are associated
with a fixed family {T k }k∈K of incomplete-information models that
is closed under finite unions. If the family {T k }k∈K itself is the set
of common-prior models in the universal type space, this approach
involves no loss of generality other than the presumption that a
common prior exists. With finite-dimensional abstract type spaces,
however, the requirement that the family {T k }k∈K be closed under
finite unions is quite restrictive. In a companion paper, Gizatulina
and Hellwig (2012), we show that, if the type spaces have finitely
many dimensions and non-empty interiors, then a family that
satisfies this requirement is at most countable; more precisely,
such a family consists of unions of members of a countable family
of models with type sets that do not intersect each other. As an
implication of Proposition 5.7, we then find that the set of such
families for which all models satisfy the BDP property contains a
residual set. The set of families of models for which (Heifetz and
Neeman, 2006) obtain geometric and measure-theoretic genericity
on non-BDP priors is itself a sparse set.
Topological genericity of the BDP property is also discussed by
Barelli (2009) and Chen and Xiong (2011). Barelli suggests that
the measure-theoretic approach of Heifetz and Neeman (2006)
is problematic and states a topological genericity result for nonBDP priors. Chen and Xiong (2011) point to an error in Barelli’s
argument and prove a topological genericity result for BDP priors.
I
Chen and Xiong (2011) specify the type space T =
i=1 Ti as the
Θ -based universal type space, i.e., the space of payoff parameters
and belief hierarchies that is generated by the payoff type space
I
24
Θ =
More recently, Chen and Xiong (2013) have
i=1 Θi .
extended the analysis of Chen and Xiong (2011) to show that priors
allowing for full surplus extraction also form a residual set in the
set of all common priors on the universal type space when this
space is endowed with the weak∗ topology.
The results of Chen and Xiong are based on a result of
Mertens et al. (1994), which shows that, if the universal type
space is endowed with the product topology, then any incomplete
information situation can be approximated by situations that
involve only finitely many potential types for each player. Thus
if the space of common priors on this space is endowed with the
topology of weak convergence of probability measures, i.e., the
weak∗ topology, the set of common priors with finite supports
is dense. Because the set of BDP priors is generic in the set of
finite priors and a dense subset of a dense set is itself dense in
the ambient space, Chen and Xiong (2011) conclude that the set
of BDP priors is dense in the space of all priors endowed with the
weak∗ topology. Chen and Xiong (2013) use a similar argument to
establish the genericity of priors that allow full surplus extraction.

24 Barelli (2009) presents his analysis as if he was considering arbitrary type
spaces. However, like Heifetz and Neeman (2006), he works with fixed belief
functions. By the arguments in Gizatulina and Hellwig (2012), this implies that
distinct indecomposable type sets cannot intersect. As he goes on to talk about
convergence of sequences of models in terms of Hausdorff convergence of the
corresponding sequences of type sets, he cannot be working with arbitrary abstract
type spaces but must implicitly be working with the universal type space.
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The analysis of Chen and Xiong is more general than ours in
one sense and more special in another. Whereas they consider the
genericity of the BDP property in the context of the universal type
space that admit common priors; we consider it only for finitedimensional (though uncountable) abstract type spaces. However,
their analysis is restricted to models with common priors; our
analysis allows for models that do not admit common priors, as
well as those that do.
Allowing for models that do not admit common priors is
important if one thinks about incomplete-information models as
having belief functions as a primitive, i.e., if one does not start
from the hypothesis that, at some prior stage, agents had the
same beliefs, as represented by a common prior, and that the
differences in beliefs that we model are all due to differences in
information.25 If one thinks about belief functions as a primitive of
an incomplete-information model, then, as explained in Section 3,
it is appropriate to think about the BDP property as a property of
belief functions. For priors, which in this approach are introduced
as a derived concept, the BDP property is then introduced as a
derived concept, as in our Definition 3.1.
In the universal type space, a meaningful assessment of the
BDP property as a property of belief functions is hardly possible.
We may think about the universal type space itself in terms of
an abstract incomplete-information model T = {Ti , θ̂i , π̂i }Ii=1 , but
then all the relevant features of the model are encoded in the
spaces Ti , i.e. the vectors specifying the agents’ payoff parameters,
probabilistic beliefs about the other agents’ payoff parameters,
probabilistic beliefs about the other agents’ beliefs about the other
agents’ payoff parameters, etc. The mappings θ̂i and π̂i , by contrast,
are fixed and given in that, for any element ti of Ti , the payoff
type θ̂i (ti ) is given by the projection from Ti to the space of payoff
parameters of agent i and the belief type π̂i is given by the unique
measure on T−i that is compatible with the belief hierarchy of
agent i that is given by the projection from Ti to the space of belief
hierarchies of agent i. While, formally, the universal type space can
be written in the form T = {Ti , θ̂i , π̂i }Ii=1 , the interpretation is very
different from the usual abstract type space where it makes sense
to ask how strategic behaviour would change if the belief functions
π̂i were to change.
In the universal type space, the BDP property can only be
studied as a property of subsets of the space. A subset of the
universal type space exhibits the BDP property for agent i if any
two distinct elements of the set involve different beliefs of agent i
about the other agents. Genericity of the BDP property must then
be assessed as a property of subsets of the universal type space.
In the absence of any additional restrictions on the set of subsets
under consideration, this leads to the conclusion that, since Ti is
a product of a space of payoff parameters and a space of belief
hierarchies, the BDP property is not to be expected; failure of the
BDP property is likely to be generic in any suitable topology on the
set of subsets of the universal type space.
This conclusion, however, cannot be taken for granted if the
set of subsets under consideration is taken to be the set of beliefclosed subsets of the universal type space or even the set of beliefclosed subsets of the universal type space that support common
priors. Although the set of universal types of agent i has a product
structure, the degrees of freedom provided by this structure are
irrelevant if we consider a model in which agent i believes that
agents j ̸= i hold beliefs under which the set of agent i’s types
has the BDP property. In this approach, the question of genericity
of the BDP property has bite because the consistency property of
interactive belief systems that is inherent in the notion of subsets

25 On this point see Aumann (1987, 1998) and also Gul (1998).
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of the universal type space being belief-closed imposes strong
restrictions on the subsets of the universal type space that are
being considered. If the existence of a common prior is imposed,
these restrictions become even stronger.
However, as a property of belief functions, the BDP property is
a feature of individual belief formation that does not depend on
how the other agents form their beliefs. As such, it has little to do
with the consistency conditions on interactive belief systems that
are implied by considering belief-closed subsets of the universal
type space, or by the existence of a common prior. The abstract
type space approach has the advantage that it leaves room for
studying the BDP property precisely as a feature of individual belief
formation, without any need to impose a consistency condition on
the implied interactive belief system.
These considerations point to a deeper issue concerning the
universal type space. In the universal type space approach,
belief hierarchies are taken as given, and there is no account of
where beliefs come from. To be sure, the notion that beliefs are
conditional distributions can be articulated in this approach as
well as the abstract type space approach, simply by postulating a
prior for which a regular conditional distribution is given by the
map that associates to each type the unique measure over other
agents’ types that is compatible with the belief hierarchy encoded
in the type. However, this is not a useful way to think about the
dependence of beliefs on information.
To understand our concern, go back to the examples in
Section 4. In each of those examples, we asked how the beliefs of
agent 1 would vary with the payoff parameter θ1 , and in particular,
whether the value of the payoff parameter might be recoverable
from a knowledge of the agent’s beliefs. The underlying idea was
that the type ti = (θi , si ) represents agent i’s information, and that
the BDP property pertains to the way in which the agent uses this
information to form his beliefs.
Suppose now that, along the lines of the universal type space
approach, we treat the beliefs themselves as additional signals,
i.e. as a part of agents’ types. In Example 4.1 for instance, this would
mean that we consider the ‘‘signal’’
s∗1 :=

cov(s2 , θ1 )
varθ1

(θ1 − E1 θ1 ) + E1 s2 ,

(46)

along with the payoff characteristic θ1 and the signal s1 that we
had considered before. According to Eq. (17), s∗1 is just the agent’s
conditional expectation of the signal s2 of the other agent given θ1
and s1 . Trivially, the agent’s conditional expectation of s2 given θ1
and s∗1 satisfies the equation
E [s2 |θ1 , s1 , s∗1 ] ≡ s∗1 .

(47)

One might therefore infer that the payoff parameter θ1 is irrelevant
for the agent’s expectations formation. It would indeed be
irrelevant if s∗1 were a real signal. However if s∗1 is merely a
notational device, introduced as a shorthand in order to treat the
agent’s beliefs as a part of type, the payoff parameter θ1 is not at all
irrelevant for the agent’s expectations formation because in fact his
expectations are based on his observation of θ1 . The dependence of
his beliefs on θi is however lost out of sight if one thinks about his
beliefs in terms of Eq. (47) only.
Whether we think of s∗1 as a real signal or as a notational
device, in both case, Eq. (46) remains valid, and with it the BDP
property, but by looking at (47), one would not know it. To
assess the BDP property one needs to know how the agents’
conditional expectations are related to his payoff parameters and
more generally ‘‘real’’ signals that he observes. In the universal type
space, encoding beliefs in types gives rise to more sophisticated
versions of Eq. (47), which raise the same kinds of problems.
Our interest in the BDP property as a property of belief functions
is one reason why, in contrast to Chen and Xiong, we do not

)
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rely on finite approximations. Finite approximations of continuous
type spaces may give rise to information discontinuities. To see
why, consider any function that is defined on the real numbers
and consider also the restrictions of this function to finite subsets
of the real numbers. Regardless of whether the function itself is
injective (has the BDP property) or not, restrictions of the function
to finite subsets of its domain will generically be injective. For an
illustration, go back to Example 4.4, where agent 2 has a noisy
signal s2 = (θ1 )2 + ε and agent 1’s belief about the signal s2 reveals
(θ1 )2 but not θ1 . If the support of agent 1’s type distribution was the
finite set
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(48)

and the support of the noise term ε contains only even multiples
of √1n , the signal s2 would actually reveal θ1 and so would agent 1’s
belief about s2 . In this case, if s2 is an even multiple of √1n , agent 2
will know that θ1 is negative; if s2 is an odd multiple of √1n , agent

2 will know that θ1 is positive. If we consider a sequence of type
distributions with supports (48) approximating the continuous
type distribution, there is an informational discontinuity because,
in the continuous limit, agent 2 cannot distinguish whether θ1 is
negative or positive.26
The informational discontinuity in the transition from finite
models to the continuous models is likely to introduce a
discontinuity in strategic behaviour in any game of incomplete
information that involves these type spaces. Specifically, if Ai , i =
1, 2, are the action sets and ui : A1 × A2 × T1 × T2 → R
are the payoff functions of the two agents, then in the transition
from the models with finite type sets for agent 1, as given by
(48), to the continuous model in Example 4.4, the interim Nash
equilibrium correspondence violates upper hemi-continuity as
well as approximate lower hemi-continuity in all but most trivial
specifications.27
The use by Chen and Xiong of finite approximations and the
weak∗ topology on the space of priors associated with the product
topology on the universal type space is also problematic for
other reasons. The product topology on the universal type space
has been criticized on the grounds that, in this topology, the
correspondence of interim strictly ε -rationalizable strategies is not
generally lower hemi-continuous in types. The product topology
is strictly coarser than the strategic topology proposed by Dekel
et al. (2006), i.e., the coarsest topology on the universal type space
in which, for every ε > 0, the correspondence of interim strictly
ε -rationalizable strategies is lower hemi-continuous in types and
the correspondence of rationalizable strategies is upper hemicontinuous. In this topology, however, models with finitely many
types are not dense, so the argument of Chen and Xiong (2011) is
not available.28

26 Interestingly, this informational discontinuity does not appear in a universal
type space representation of the example. With beliefs encoded in types, weak
convergence of type distributions implies that the equation E2 [θ1 |t2 ] = θ1 should
hold in the continuous limit as well as the finite approximations. The fact that the
signal s2 only reveals (θ1 )2 is irrelevant if the agent is just assumed to ‘‘observe’’ his
own belief s∗2 := E2 [θ1 |t2 ].
27 For a discussion of the need for uniform convergence of conditional
distributions to obtain approximate lower as well as upper hemi-continuity of the
interim Nash equilibrium correspondence, see Kajii and Morris (1994).
28 An important question is how our topology on belief functions relates to the
different topologies on the universal type space. We are currently doing research
on that. Within the context of abstract type spaces, we note that, by the arguments
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7. Concluding remarks
We conclude this paper with several additional remarks. First,
the genericity properties established in Propositions 5.6 and 5.7
d
are still obtained if we replace the space M+
(T ) by the space
d
M+ (T̊ ) of measures with densities that are defined on the interior
d
of T and if we endow the spaces M+
(T̊i ) and Md (T̊−i ) of marginal
distributions on the interiors of the type spaces of agent i and
agent other than i with the topologies that is induced by the
compact open topologies, rather than the uniform topologies for
the associated density functions. In this case, however, an analogue
of Corollary 5.8 is only obtained if an additional condition of
uniform boundedness is imposed on the density functions of the
priors under consideration.
Second, in Gizatulina and Hellwig (2012), we show that the
genericity properties established in Propositions 5.6 and 5.7 hold
also for an infinite-dimensional type space of the form T =
I
ℓ
ℓ
ℓ
∪∞
i=1 Ti is a finite-dimensional
ℓ=1 T , where, for each ℓ, T =
set. This corresponds to a specification with ex ante uncertainty
about the incomplete-information model that is going to be relevant. If the set of such models is countable and each model has a
finite-dimensional type space, the BDP property is still generic.
Third, the assumption that the type sets Ti in Proposition 5.7
are taken as fixed and given is not essential. In principle, the
set T in Proposition 5.7 could be any compact subset of RN that
has a nonempty interior T̊ . Given a measure ν with a density
that is continuous on T̊ , the belief function bi (·|·, ν) is defined
on the set Dνi of types of agent i for which the marginal density f¯iν (ti ) is strictly positive. Dνi is an element of the set Doi of
open subsets of Rni that have compact closures. Thus bi (·|·, ν)
can be treated as an element of the space ∪D∈D o C (D, M d (T.i )).
i

If the topology on ∪D∈D o C (D, M d (T−i )) is specified so that a sequence {bki } of functions in ∪D∈D o C (D, M d (T−i )) converges to a
limit bi ∈ ∪D∈D o C (D, M d (T−i )) if and only if, every compact
subset K of the domain Dbi of bi is also a subset of the domains
Dbk of the functions bki for any sufficiently large k, and, moreover,
i

limk→∞ bki (ti ) = bi (ti ), uniformly on K , an extension of the argument given to prove Proposition 5.6 can be used to show that
the set ∪D∈D o E (D, M d (T−i )) of embeddings is a residual subset of
∪D∈D o C (D, Md (T−i )). A similar generalization of Proposition 5.3 is
also available.
Fourth, in a previous version of this paper, we had applied
the Embedding Theorem to the conditional-expectations functions
ν
t̄−
i (·), which are given by the formula
ν
t̄−
i (ti ) :=




ν
T−
i

t−i βi (t−i |ti , ν)dt−i =

ν t−i f
T−
i

ν

(ti , t−i )dt−i

f¯iν (ti )

.

Under the dimensionality assumption that 2ni + 1 ≤ N−i , the
Embedding Theorem for continuous functions implies that, for
ε
any ε > 0 there exists an embedding ti → t̂−
i (ti ) such that

ε

t̂ (ti ) − t̄ ν (ti ) < ε for all ti ∈ Dν . Given this embedding,
−i
−i
i
approximating densities can be defined by writing
ε

ε
ν
¯ν
f ν (ti , t−i ) = β(t−i + t̂−
i (ti ) − t̄−i (ti )|ti )fi (ti )

if ti ∈ Dνi ,

(49)

and
ε

f ν (ti , t−i ) = 0

if ti ̸∈ Dνi .

(50)

of Kajii and Morris (1994), for any specification of action sets and payoff functions
of the different agents, the interim Nash equilibrium correspondence of the induced
game will be upper hemi-continuous and approximately lower hemi-continuous as
the belief functions of the different agents vary in C (Ti , M d (T−i )).
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The BDP property of approximating priors is then directly
embodied in the conditional expectations, and there is no need
to appeal to the fact that probability distributions themselves are
infinite-dimensional objects.
Finally, if we strengthen the assumptions on the set of priors
under consideration so that we can use a differentiable approach,
then, under the dimensionality assumption that 2ni + 1 ≤ N−i ,
we can strengthen the claim that BDP priors are generic from
residual to open and dense. Specifically, if N̄ cd is a subset of N̄ c so
that, for any ν ∈ N̄ cd , the support T ν of ν is a compact manifold
ν
and the conditional-expectations functions t̄−
i are continuously

differentiable on Tiν , and if the topology on N̄ cd is such that, for
all i, the map from priors into agent i’s conditional-expectations
functions is continuous when the range of this map is given the
strong C 1 topology, then, under the dimensionality assumption
in Proposition 5.7, the set of common priors exhibiting the BDP
property is open and dense in N̄ cd . The proof is basically the same as
the proof of Proposition 5.7, except that the Embedding Theorem
for continuous functions with compact domains must be replaced
by Whitney’s Embedding Theorem for C 1 functions, see, e.g., Hirsch
(1994, p. 35).
Appendix
In this appendix, we state and prove the embedding theorems
that are used in Section 5. For any separable metric space X , a
subset of X is said to be residual in X if it contains a countable
intersection of open and dense subsets of X . For any two separable
metric spaces X and Y , C (X , Y ) will denote the space of continuous
functions from X to Y . The space C (X , Y ) will be endowed with
the uniform topology. The set of embeddings of X into Y will be
denoted as E (X , Y ).
A.1. Proof of Proposition 5.3
Proposition 5.3 in the text is an instance of the following result,
with X = Ti and Z = T−i .
Proposition A.1. Let X ⊂ Rn be compact, and let Z be a compact
metric space with infinitely many elements. Let Y = M (Z ) be the
space of probability measures on Z , endowed with the topology of
weak convergence of probability measures. Then the set E (X , Y ) of
embeddings of X in Y is a residual subset of C (X , Y ).
In proving Proposition A.1, we will repeatedly use the following
lemma from topology.
Lemma A.2. Let X , Y be any two topological spaces and let g be a
continuous and open function from X to Y . Then, for any open and
dense set U ⊂ Y , the inverse image g −1 (U ) is an open and dense
subset of X . For any residual set Y r ⊂ Y , the inverse image g −1 (Y r )
is a residual subset of X .
Proof. Continuity of g : X → Y implies that g −1 (U ) is open in X
whenever U is open in Y . Further, openness of g implies that g (V )
is open in Y whenever V is open in X . Thus, if V is open in X and U
is dense in Y , we must have g (V ) ∩ U ̸= ∅. For any y ∈ g (V ) ∩ U,
there exists v ∈ V such that y = g (v) ∈ U and, v ∈ V ∩ g −1 (U ).
Thus, g (V )∩ U ̸= ∅ implies V ∩ g −1 (U ) ̸= ∅. It follows that g −1 (U )
is dense in X whenever U is dense in Y . The first statement of the
lemma is proved.
To prove the second statement, it suffices to observe that, if
Y r ⊂ Y satisfies Y r ⊃ ∩∞
k=1 Uk for some sequence {Uk } of open
and dense subsets of Y , then
∞
−1
g −1 (Y r ) ⊃ g −1 (∩∞
(Uk ),
k=1 Uk ) = ∩k=1 g

and, by the first statement of the lemma, the sets g −1 (Uk ), k =
1, 2, . . . , are open and dense in X . 
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Lemma A.3. Let X and Y be as specified in Proposition A.1. If there
exists a separable metric space Q that is homoeomorphic to [0, 1]2n+1
and if there exists a mapping Φ from C (X , Y ) to C (X , Q ) that is
continuous and open, then the set E (X , Y ) of embeddings of X in Y is
a residual subset of C (X , Y ).
Proof. Let h be a homeomorphism from Q to [0, 1]2n+1 . We claim
that the formula
H (f ) := h ◦ f
defines a homeomorphism H from C (X , Q ) to C (X , [0, 1]2n+1 ). To
establish this claim, we note that, because h is continuous, H takes
values in C (X , [0, 1]2n+1 ). Continuity of h also implies that H is
continuous. Because h is invertible, the inverse of H is well defined,
with
H

−1

(fˆ ) = h

−1

◦ fˆ

for any fˆ ∈ [0, 1]2n+1 . Continuity of h−1 implies that H −1 takes
values in C (X , Q ) and that H −1 is continuous.
By the classical Embedding Theorem,29 the set E (X , [0, 1]2n+1 )
of embeddings of X in [0, 1]2n+1 is a residual subset of C (X , [0,
1]2n+1 ). By Lemma A.2 therefore, H −1 (E (X , [0, 1]2n+1 )) is a
residual subset of C (X , Q ). If the mapping Φ from C (X , Y ) to
C (X , Q ) is continuous and open, then, again by Lemma A.2, it
follows that the set Φ −1 (H −1 (E (X , [0, 1]2n+1 ))) is a residual subset
of C (X , Y ).
To prove the lemma, it therefore suffices to show that

Φ −1 (H −1 (E (X , [0, 1]2n+1 ))) ⊂ E (X , Y ).

(51)

For this purpose, suppose that f ∈ Φ −1 (H −1 (E (X , [0, 1]2n+1 ))) \
E (X , Y ). Then there exist x1 , x2 ∈ X such that f (x1 ) = f (x2 ) and
h(Φ (x1 |f )) ̸= h(Φ (x2 |f )). Because h is a homeomorphism, h(Φ
(x1 |f )) ̸= h(Φ (x2 |f )) implies Φ (x1 |f ) ̸= Φ (x2 |f ), which in
turn implies f (x1 ) ̸= f (x2 ). The assumption that Φ −1 (H −1 (E (X ,
[0, 1]2n+1 ))) \ E (X , Y ) ̸= ∅ thus leads to a contradiction, which
proves (51). The lemma follows immediately. 
To prove Proposition A.1, it thus suffices to show that there exist
Q and Φ as specified in the lemma. We define Q as the unit simplex
+1
in R2n
, i.e.,
+


Q :=

2n+1

q ∈ R+


2n
+1


qi ≤ 1 .


(52)

i=1

)

–

any i, gi (zi ) = 1 and gi (z ) = 0 for z ∈ Z \ Bε (zi ). For any z ∈ Z ,
2n+1
therefore, i=1 gi (z ) ∈ [0, 1], and, for any µ ∈ M (Z ), the vector

ϕ(µ) =



g1 (z )dµ(z ), . . . ,


g2n+1 (z )dµ(z )



Z

(53)

Z

is an element of the set Q that is defined by (52). Given the mapping
ϕ : M(Z ) → Q , the formula

Φ (b) = ϕ ◦ b

(54)

defines a mapping from C (X , M (Z )) into the space of functions
from X to Q . We need to show that Φ (b) ∈ C (X , Q ) for all b ∈
C (X , M (Z )) and that the mapping Φ is continuous and open. We
begin by showing that the mapping ϕ has these properties.
Lemma A.5. The mapping ϕ : M (Z ) → Q that is defined by
formula (53) is continuous and open.
Proof. Continuity of ϕ is immediate from (53) and the definition
of the topology of weak convergence.
Note that, if Z is a compact metric space and if the space
Y = M (Z ) of probability measures on Z is endowed with the
topology of weak convergence of probability measures, i.e., the
weak∗ topology, then Y is a compact metric space.31 If {h1 , h2 , . . .}
is a countable dense set of continuous functions from Z into [0, 1],
then, by an argument (Parthasarathy, 1967, p. 43), the mapping

µ → h(µ) :=



h1 (z )dµ(z ),
Z





h2 (z )dµ(z ), . . .

Z

defines a homeomorphism between M (Z ) and a subspace S of
the infinite product [0, 1]∞ . Without loss of generality, we may
assume that hi = gi for i = 1, . . . , 2n + 1. Let π2n+1 : [0, 1]∞ →
[0, 1]2n+1 be the natural projection from [0, 1]∞ to the first 2n +
1 factors of the infinite product. Then

ϕ = π2n+1 ◦ h.
Because the homeomorphism h : M (Z ) → S is open and the
composition of two open mappings is also open, openness of the
S
mapping ϕ : M (Z ) → Q will follow if the restriction π2n
+1 of
π2n+1 to S is shown to be an open mapping from S to Q .
For this purpose, we note that ϕ maps M (Z ) onto Q , i.e., that
ϕ(M(Z )) = Q : For any q = (q1 , . . . , q2n+1 ) ∈ Q , any µ ∈
M(Z ) such that µ({zi }) = qi for i = 1, 2, . . . , 2n + 1, and
 +1
µ(Z \ ∪i Bε (zi )) = 1 − 2n
i=1 qi satisfies ϕ(µ) = q. Thus, we
obtain

π2n+1 (S ) = π2n+1 ◦ h(M(Z )) = ϕ(M(Z )) = Q .

Lemma A.4. The set Q that is defined by (52) is homoeomorphic to
[0, 1]2n+1 .

Now let V be any open subset of S. By definition of the subspace
topology for S, there exists an open set U ⊂ [0, 1]∞ such that
V = S ∩ U. Thus,

Proof. Because both Q and [0, 1]2n+1 are compact convex subset of
+1
R2n
and have nonempty interiors, they are both homoeomorphic
+
+1
to the closed unit ball in R2n
and therefore to each other.30

+

S
S
π2n
+1 (V ) = π2n+1 (S ∩ U ) = π2n+1 (S ∩ U )
= π2n+1 (S ) ∩ π2n+1 (U ) = Q ∩ π2n+1 (U ).

To construct the mapping Φ , we proceed as follows: Exploiting
the fact that Z has infinitely many elements, we fix 2n + 1 distinct
elements z1 , . . . , z2n+1 of Z . For this purpose, we note that, as
compact metric space, Z is separable. Therefore, there exists some
ε > 0 so that the open ε -balls Bε (z1 ), . . . ., Bε (z2n+1 ) around
z1 , . . . , z2n+1 do not intersect each other, i.e., Bε (zi ) ∩ Bε (zj ) = ∅
for all i and all j ̸= i. Moreover, by Urysohn’s lemma, there exist
continuous functions g1 , . . . , g2n+1 from Z into [0, 1] such that, for

29 See Theorem V.2, p. 56, in Hurewicz and Wallman (1941).
30 See Proposition 4.26 in Lee (2000).

Because the projection π2n+1 is an open mapping from [0, 1]∞ to
[0, 1]2n+1 , the set π2n+1 (U ) is an open subset of [0, 1]2n+1 . ThereS
fore, the set π2n
+1 (V ) = Q ∩ π2n+1 (U ) is open in the subspace
S
topology for Q as a subset of [0, 1]2n+1 . Thus, π2n
+1 maps any open
subset of S = h(M (Z )) into an open subset of Q . This proves that
S
S
the mapping π2n
+1 : S → Q is open. The mapping ϕ = π2n+1 ◦ h :
M(Z ) → Q is therefore also open. 
Lemma A.6. The mapping Φ that is defined by formula (54) maps
C (X , M (Z )) continuously into C (X , Q ).

31 See Theorem 6.4, p. 45, in Parthasarathy (1967).
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Proof. Because ϕ is continuous, obviously, Φ (b) ∈ C (X , Q ) if
b ∈ C (X , M (Z )). To prove that Φ is continuous, we note that, as
mentioned above, if Z is a compact metric space, then M (Z ) is a
compact metric space. A metric ρ for M (Z ) is given by the formula

for b ∈ C (X , M d (Z )), where ϕ̂ : M d (Z ) → [0, 1]2n+1 is given by
the formula:







ρ(µ, ν) = sup  hk (zy)dµ(z ) − hk (z )dν(z ) ,
k

where z1 , . . . , z2n+1 is an arbitrary but fixed collection of distinct
elements of the interior of Z .

(55)

where {h1 , h2 , . . .} is a countable dense subset of the set of
continuous functions from Z into [0, 1]. Again there is no of
generality in assuming that hk = gk for k = 1, . . . , 2n + 1.
γ
For any γ > 0, define η(γ ) := 2n+1 . Then, for any µ and ν in
M(Z ), ρ(µ, ν) < η(γ ) implies






 hk (z )dµ(z ) − hk (z )dν(z ) < γ

 2n + 1
for all k. Thus, ρ(µ, ν) < η(γ ) implies ∥ϕ(µ) − ϕ(ν)∥ ≤ γ , where
∥·∥ is the Euclidean norm on R2n+1 . If b and b̂ in C (X , M(Z )) are
such that
sup ρ(b(x), b̂(x)) < η(γ ) =
x∈X

γ
,
2n + 1

1 + fµ (z1 )

,...,

fµ (z2n+1 )



1 + fµ (z2n+1 )

,

(58)

Lemma A.9. The mapping ϕ̂ : M d (Z ) → [0, 1]2n+1 is continuous and
open.
Proof. Continuity is immediate from (58). Openness follows from
observing that ϕ̂ is the composition of the homeomorphism
µ → fµ between M∗ (Z ) and C (Z , R+ ), the projection
2n+1
f → (f (z1 ), . . . , f (z2n+1 )) from C (Z , R+ ) to R+
, and the
homeomorphism

(f1 , . . . , f2n+1 ) →



f1

(1 + f1 )

,...,

f2n+1



(1 + f2n+1 )

2n+1
from R+
to the product [0, 1)2n+1 .



Lemma A.10. The function Φ̂ that is defined by (57) and (58) maps
C (X , M d (Z )) continuously into C (X , [0, 1]2n+1 ).

it follows that







ϕ̂(µ) =

fµ (z1 )



Proof. By routine calculations, (58) implies

sup ϕ(b(x)) − ϕ(b̂(x)) ≤ γ ,





ϕ̂(µ) − ϕ̂(µ̄) ≤ (2n + 1) max fµ (zi ) − fµ̄ (zi )

x∈X

i.e., if b and b̂ are η(γ )-close, then Φ (b) and Φ (b̂) are γ -close. This
proves that Φ is continuous. 
Lemma A.7. The mapping Φ : C (X , M (Z )) → C (X , Q ) that is
defined by (54) is open.
Proof. By Proposition 2.2.b, p. 269, in Clausing (1978), the lemma
follows from the fact that Y = M (Z ) and Q are compact convex
sets and that the mapping ϕ : Y → Q is affine, as well as
continuous and open. 

i

for any µ and µ̄ in M (Z ), where ∥·∥ is again the Euclidean norm
on R2n+1 . For any µ and µ̄ in M d (Z ), therefore,
d



ϕ̂(µ) − ϕ̂(µ̄) ≤ (2n + 1)ρ(µ, µ̄).
The function ϕ̂ thus is uniformly continuous. By the same argument
as in the proof of Lemma A.6, it follows that Φ̂ takes values in
C (X , [0, 1]2n+1 ) and that Φ̂ is continuous.


A.2. Proof of Proposition 5.6

The proof that Φ̂ is also open is more involved. The range M d (Z )
of belief functions now consists of measures with continuous
density functions and is therefore not compact.32 Therefore we
cannot rely on the result of Clausing (1978) to infer that Φ̂ is open
if ϕ̂ is open. Instead we need a new argument.

Proposition 5.6 in the text is an instance of the following result,
with X = Ti and Z = T−i .

Lemma A.11. For any (q, µ) ∈ [0, 1)2n+1 × M d (Z ), the infimum
ρ ∗ (q, µ) of the distance ρ(µ, ν) over the set of measures ν ∈ Md (Z )

Proposition A.1 now follows from Lemmas A.3, A.6 and A.7.

that satisfy
Proposition A.8. Let X ⊂ Rn , and let Z ⊂ RN −n be compact sets
with nonempty interiors. Let Y = M d (Z ) be the space of probability measures on Z that have continuous density functions and let the
topology on Y be induced by the uniform topology for density functions. Then the set E (X , Y ) of embeddings of X in Y is a residual subset
of C (X , Y ).
The proof proceeds along the same lines as the proof of
Proposition A.1. We note that M d (Z ) is a separable metric space.
A metric ρ for M d (Z ) is given by the formula



ρ(µ, ν) = sup fµ (z ) − fν (z ) ,

(56)

z ∈Z

where fµ and fν are the continuous densities associated with µ and
ν.
The conclusion of Lemma A.3 remains valid with X ⊂ Rn
and Y = M d (Z ) having the topology that is induced by uniform
convergence of density functions. To prove Proposition A.8, it
therefore suffices to specify a mapping Φ̂ : C (X , M d (Z )) →
C (X , [0, 1]2n+1 ) that is continuous and open. We do so by setting

Φ̂ (b) = ϕ̂ ◦ b

(57)

ϕ̂(ν) = q

(59)

is well defined and satisfies



 qi

ρ ∗ (q, µ) = max 
− fµ (zi ) .
i
1 − qi

(60)

Proof. Fix q ∈ [0, 1)2n+1 and µ ∈ M d (Z ) and let fµ be the density
of µ. For any ε > 0 and any i, let Bε (zi ) be the open ε -ball around zi
and let giε ∈ C (Z , [0, 1]) be such that giε (zi ) = 1 and giε (z ) = 0 for
all z ̸∈ Bε (zi ). For any ε > 0 and any α > 0, consider the function
fˆαε that is given by the formula
fˆαε (z )





  qi
ε
= max 0, α fµ (z ) +
− α fµ (zi ) gi (z ) .
1 − qi
i =1
2n+1

(61)

32 Compactness would require that the density functions belong to an equicontinuous set of functions.
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By construction, the function fˆαε (·) from Z into R+ is continuous.
Thus, if ε and α are such that



fˆαε (z )dz = 1,

(62)

Z

then fˆαε (·) is the density of a measure ναε ∈ M d (Z ).
We claim that, if ε > 0 is sufficiently small, there exists α(ε)
such that Eq. (62) holds for α = α(ε) and ε . Moreover, if ε is close to
zero,
α(ε) is close to one. To prove this claim, we note that, because

f
(
z )dz = 1, (61) implies
µ
Z
2n+1



fˆαε (z )dz ≤ α +
Z



qi

i =1

1 − qi



giε (z )dz
Z

≤ α + H (ε)

(63)

and




  qi
giε (z )dz
fˆαε (z )dz ≥ α +
− fµ (zi )
1
−
q
i
Z
Z
i =1


max




max

i =1

qi
1 − qi

i =1
2n+1

≤

and hence




 qi
− fµ (zi ) . 
ρ ∗ (q, µ) ≥ max 
i
1 − qi
Lemma A.12. For any ε > 0, there exists a continuous function
νε from [0, 1)2n+1 × Md (Z ) to Md (Z ) such that, for any (q, µ) ∈
[0, 1)2n+1 × Md (Z ), ϕ̂(νε (q, µ)) = q and
(67)

where ρ (q, µ) is again the infimum of the distance ρ(µ, ν) over the
set of measures ν ∈ M d (Z ) that satisfy (59).
(64)

qi
1 − qi


, fµ (zi )
giε (z )dz

Proof. Fix ε > 0. For any q ∈ Q and any µ ∈ M d (Z ), let

= q and ρ(µ, ν) < ρ ∗ (q, µ) + ε},

Z


, fµ (zi )

Bε (zi )

dz .

Then, for α ≤ 1 − H (ε), (63) and (65) imply

(65)

ˆ (z )dz ≤ 1 and,
for α ≤ 1 + H (ε), (64) and (65) imply Z fˆαε (z )dz ≥ 1. By the
intermediate value theorem, there exists α(ε) ∈ [1 − η, 1 + η]

such that Z fˆαε (z )dz = 1. Moreover, by (65), limε→0 H (ε) = 0
and, therefore, limε→0 α(ε) = 1.
Consider the measures να(ε)ε ∈ M d (Z ) that are induced by
the density functions fˆα(ε),ε for ε > 0 sufficiently small and α(ε)
chosen so that (62) holds. Because the points z1 , . . . , z2n+1 in Z are
distinct, there exists ε̄ > 0 such that, for ε < ε̄ , no two of the open
balls Bε (zi ) intersect each other. In this case, (61) implies


f
Z αε



fˆαε (zi ) =



ρ(µ, ν) = sup fµ (z ) − fν (z )
z ∈Z


≥ max fµ (zi ) − fν (zi )
i



qi 
,
= max fµ (zi ) −
i
1 − qi 

ψε (q, µ) := {ν ∈ Md (Z )|ϕ(ν)

2n+1

H (ε) :=

Eq. (60) follows because, for ν satisfying (59), we also have

∗

where



–

ρ(µ, νε (q, µ)) ≤ ρ ∗ (q, µ) + ε,

2n+1

≥ α − H (ε),

)

qi

(66)

1 − qi

for all i. For α = α(ε), it follows that the measure να(ε)ε ∈
Md (Z ) satisfies ϕ̂(ναε ) = q. This implies, in particular, that the
set of measures satisfying (59) is nonempty so that the infimum
ρ ∗ (q, µ) is well defined.
For any one of the measures να(ε)ε with ε < ε̄ , we compute





ρ(µ, να(ε)ε ) = sup fµ (z ) − fˆα(ε),ε (z )
z ∈Z



2n
+1 



qi


ε
− α(ε)fµ (zi ) gi (z )
≤ sup (1 − α(ε))fµ (z ) −

1 − qi
z ∈Z 
i=1
≤ (1 − α(ε)) sup fµ (z )
z ∈Z


 qi

+ max 
− fµ (zi ) + (1 − α(ε))fµ (zi ).
i
1 − qi
If ε and α(ε) go to zero, the first term and the third term on
the right-hand side vanish and only the middle term remains.
Therefore,




 qi

− fµ (zi ) .
ρ (q, µ) ≤ max 
i
1−q
∗

i

(68)

and let ψ̄ε (q, µ) be the closure of ψε (q, µ). To prove the lemma, it
suffices to show that the correspondence ψ̄ε from Q × M d (Z ) into
M d (Z ) has a continuous selection.
By Theorem 1.2 of Michael (1964), existence of a continuous
selection of the closed-valued correspondence ψ̄ε from Q × M d (Z )
into M d (Z ) is guaranteed if ψ̄ε is convex-valued and lower hemicontinuous. To show that ψ̄ε has these properties, it suffices that
to show that ψε has them: Convex-valuedness of ψ̄ε then follows
from the convex-valuedness of ψε and the observation that the
closure of a convex set is convex; similarly, lower hemi-continuity
of ψ̄ε follows from the lower hemi-continuity of ψε .33
To establish convex-valuedness of ψε , fix (q, µ) ∈ Q × M d (Z ).
Let ν1 , ν2 be any two elements of ψε (q, µ), and, for some λ ∈
(0, 1), consider the convex combination λν1 +(1−λ)ν2 of ν1 and ν2 .
Because ν1 and ν2 belong to ψε (q, µ), the densities fν1 fν2 of ν1 , ν2
satisfy
fν1 (zi ) = fν2 (zi ) =

qi

(69)

1 − qi

for all i and
sup ρ(µ, νj ) < ρ ∗ (q, µ) + ε

(70)

z ∈Z

for j = 1, 2. From (69), we immediately obtain
fλν1 +(1−λ)ν2 (zi ) = λfν1 (zi ) + (1 − λ)fν2 (zi )
qi

=

1 − qi

for all i, hence, ϕ̂(λν1 + (1 − λ)ν2 ) = q. Moreover, (70) implies



ρ(µ, λν1 + (1 − λ)ν2 ) = sup fµ (z ) − λfν1 (z ) − (1 − λ)fν2 (z )
z ∈Z




≤ λ sup fµ (z ) − fν (z ) + (1 − λ) sup fµ (z ) − λfν (z )
z ∈Z

1

< ρ (q, µ) + ε.
∗

Thus, λν1 + (1 − λ)ν2 ∈ ψε (q, µ).

33 Hildenbrand (1974, pp. 36, 26).

z ∈Z
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To prove lower hemi-continuity of ψε , consider any pair
(q, µ) ∈ Q × Md (Z ), any measure ν ∈ ψε (q, µ), and any sequence
{(qr , µr )} that converges to (q, µ). Because ϕ̂ is open, there exists
a sequence {ν r } converging to ν such that ϕ(ν r ) = qr for all r. For

lim f¯iν (ti ) = lim
k

k→∞

k→∞


=

any r, the triangle inequality implies

–

17

f ν (ti , t−i )dt−i
k

T−i

f ν (ti , t−i )dt−i = f¯iν (ti ),

Since ν ∈ ψε (q, µ) satisfies (70), it follows that, for some η > 0,
we have

ρ(µr , ν r ) ≤ ρ(µr , µ) + ρ ∗ (q, µ) + ε + ρ(ν, ν r ) − η

uniformly on Ti , which proves that the sequence {ν̄i (ν k )} converges
to ν̄i (ν).
d
Because ν ∈ M+
(T ), we have f¯iν (ti ) > 0 for all ti ∈ Ti ; indeed,
because f¯iν (·) is continuous, f¯iν (ti ) is bounded away from zero on

Ti . Because the marginal densities fiν converge uniformly to f¯iν ,
it follows that they are uniformly bounded away from zero. If we
combine (71) and (72) with (36) in the text, we obtain
k

for all r. If r is large enough so that ρ(µr , µ), ρ(ν, ν r ), and
|ρ ∗ (q, µ) − ρ ∗ (qr , µr )| are all less than η3 , it follows that

lim βi (t−i |ti , ν k ) = βi (t−i |ti , ν),

ρ(µr , ν r ) < ρ ∗ (qr , µr ) + ε

k→∞

and, hence, that ν r ∈ ψε (qr , µr ). This proves that ψε is lower
hemi-continuous. 
Lemma A.13. The mapping Φ̂ : C (X , M d (Z )) → C (X , [0, 1]2n+1 )
is open.
Proof. The lemma is equivalent to the statement that Φ̂ −1 is a
lower hemi-continuous correspondence. To verify lower hemicontinuity, consider any functions b ∈ C (X , M d (Z )) and β ∈
C (X , Q ) such that β = Φ̂ (b). Consider any sequence {β r } in
C (X , Q ) that converges to β . For any r, define a function br by
setting
br (x) = ν1/r (β r (x), b(x))
for any x ∈ X , where ν1/r is the function given by Lemma A.12 with
ε = 1r Because ν1/r , β r , and b, are continuous, br ∈ C (X , Md (Z )).
Lemma A.12implies that, for any γ > 0, there exists η(γ ) > 0
such that, if φ̂(b(x)) − β r (x) < η(γ ) for all x, then



ρ(b(x), br (x)) ≤ ρ ∗ (β r (x), b(x)) +

(72)

T−i

ρ(µr , ν r ) ≤ ρ(µr , µ) + ρ(µ, ν) + ρ(ν, ν r ).



)



1
r

for all x. By Lemma A.11, it follows that



 βir (x)
 1

ρ(b(x), br (x)) ≤ max 
−
f
(
z
)
b(x) i  +
r
i
1 − βi (x)
r


 βir (x)

βi (x)  1
−
+
= max 
i
1 − βir (x)
1 − βi (x) 
r

A.3. Proof of Lemma 5.9
d
Proof. We first show that, if M+
(T ) is endowed with the topology
that is induced by the uniform topology for density functions, then
the maps ν → ψi (ν) = (v̄i (ν), bi (·, ν)) are continuous and open.
d
We begin by proving continuity. If {ν k } is a sequence in M+
(T ) that
d
converges to a limit ν ∈ M+ (T ), the associated densities satisfy
k
lim f ν (ti , t−i ) = f ν (ti , t−i ),

(71)

uniformly on T . Because the continuous function f ν is bounded on
the compact set T , it follows that the densities f ν are uniformly
bounded. For any i, therefore, Lebesgue’s bounded convergence
theorem implies that
k

uniformly on T . For any ti ∈ Ti , therefore, the sequence {bi (·|ti , ν k )}
converges to bi (·|ti , ν), uniformly on Ti . Continuity of the map
ψi (ν) = (v̄i (ν), bi (·, ν)) is thus proved.
To show that ψi is open, we note that, for any ψi has an inverse.
d
For any ν̄i ∈ M+
(Ti ) and any bi ∈ C (Ti , Md (T−i )), let f¯ ν̄i and βi (·|·)
be the associated marginal and conditional density functions and
consider the measure ψi−1 (ν̄i , bi ) that is defined by the formula

ψi−1 (Bi × B−i |ν̄i , bi ) =

 
Bi

βi (t−i |ti )f¯ ν̄i (ti )dt−i dti .

(74)

B−i

By another application of Lebesgue’s bounded convergence
d
theorem, one sees that ψi−1 (ν̄i , bi ) ∈ M+
(T ) and that ψi−1 is
continuous. Therefore ψi is open.
Next, we show that the topology that is induced by uniform
convergence of densities is in fact the coarsest topology under
which the maps ν → ψi (ν) = (v̄i (ν), bi (·, ν)). Let B be any open
d
subset of M+
(T ) in the topology that is induced by the uniform
topology for density functions and let T be any other topology
on N+db (T ) such that the maps ψi are continuous. Because, in
the topology that is induced by the uniform topology for density
functions, ψi is an open mapping, ψi (B) is an open subset of
d
d
M+
(Ti ) × C (Ti , Md (T−i )). Because ψi is continuous when M+
(T )
has the topology T , it follows that ψi−1 (ψi (B)) = B ∈ T . Thus,
d
the topology on M+
(T ) that is induced by the uniform topology
for density functions is at least as coarse as T . 

for all x, where fb(x) is the density of the measure b(x). Now the
uniform convergence of the sequence {β r } to β implies that, for any
η > 0, there exists R(η) such that for all r ≥ R(η), ρ(b(x), br (x)) <
η for all x. This proves that the sequence {br } converges uniformly
to b. Lower hemi-continuity of Φ̂ follows immediately. 

k→∞

(73)
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